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Preface 


These notes are based on a course which I gave during the academic 
year 1983-84 at the University of Colorado. My intention was to provide both my 
audience as well as myself with an introduction to the theory of large 
jeviati i 

The organization of sections 1) through 3) owes something to chance 
and a great deal to the excellent set of notes written by R. Azencott for the 
course which he gave in 1978 at Saint-Flour (cf. Springer Lecture Notes in 
Mathematics 774). To be more precise: it is chance that I was around N.Y.U. at 
the time when M. Schilder wrote his thesis, and so it may be considered chance 
that I chose to use his result as a jumping off point; with only minor 
variations, everything else in these sections is taken from Azencott. In 
particular, section 3) is little more than a rewrite of his exoposition of the 
Cramer theory via the ideas of Bahadur and Zabel. Furthermore, the brief 
treatment which I have given to the Ventsel-Freidlin theory in section 4) is 
again based on Azencott's ideas. All in all, the biggest difference between his 
and my exposition of these topics is the language in which we have written. 
However, another major difference must be mentioned: his bibliography is 
extensive and constitutes a fine introduction to the available literature, mine 


shares neither of these attributes. 


Starting with section 5), I attempted to explain some of the 
relatively recent advances made by M. Donsker and S.R.S. Varadhan in the theory 
of large deviations from ergodic phenomena (cf. [D.&V., Parts I & III]). My 
goal was to see if I could present their theory along the lines suggested by M. 
Kac in the heuristic discussion given by him in [Kac]. What I found is that the 
approach proposed by Kac is very closely related to the one successfully 
employed by Bahadur and Zabel in their work on Sanov-type theorems and that, 


after some appropriate modifications, their techniques could be made to go quite 


vi 


far. My efforts in this direction are the contents of sections 5) to 7). In 
section 8), I abandoned the approach taken in 5) to 7) and returned to the 
ideas underlying the original paper by Donsker and Varadhan [D.&V.,0xford] about 
this subject. Although this approach is restricted to time-reversible 
processes, I felt that it is the one best suited for possible applications to 
infinite dimensional situations. Finally, in the course of my studies, I 
became increasingly aware that there is an interesting relationship between this 
theory and that of logarithmic Sobolev inequalities. Section 8) is devoted to a 


somewhat random presentation of my ideas on this relationship. 


It is a pleasure to thank the people who helped me prepare these 
notes. A long-distance but essential role was played by "the grand-master of 
large deviations", my friend S.R.S. Varadhan. He not only discussed the 
material with me on several occasions but also sent me copies of the notes he 
was preparing for his C.B.M.S. lectures. (His C.B.M.S. notes have appeared and 
cover a great deal of material not treated anywhere else outside of journal 
articles.) A less appealing but equally essential role was played by H. Heiss 
and L. Clemens who not only suffered through the delivery of my lectures but 


also had the stamina to read the typed version of them. 
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0. Introduction: 
Consider the following situation. E is a Polish space and 
: € > 0} is a family of probability measures on E such that ue? 
6. as e 1 0 (i.e., p, converges weakly to the unit mass at x, ). 
The study of large deviations is the study of how fast u, Q() 20 for 
re fg such that x6 XT. In particular, we will be studying situations 
in which this convergence is exponentially fast and we will be seeking 
expressions for 
- lime logy (T) . 
e10 i 

We begin with some heuristic observations. First, suppose that 
all of the u.s are absolutely continuous with respect to some refer- 
ence measure A . Then, the facts that the ues are all probability 
measures and that they are becoming more and more concentrated at x 
lead one to write p. (dy) bs m exp(- H I(y)) à (dy) , where I: E» 
[0,9) U f=} and I(y) =0 if and only if y= x, - Assuming that 


€ log cs ?^0 as e} 0 , we then have: 


lim e log p (T) = lim log (f exp(- Í r)a* 
c10 i e40 r 


= log (ess sup(e 1 023) 7 -ess inf I(y) ; 
yf yT 
here the "ess" refers to A and we have used the well known fact that 
if v is a finite measure, then lllo (y > lll cy as pœ. Thus, 


for example, if E = R! and v, (dy) = (2n/e) 17? exp(-y^ /2e)dy, then 


(0.1) lime log: u, (T) = -ess inf y f. 
e10 yT 


Although the preceeding indicates the general structure of the 
asymptotice in which we are interested, it fails to take into account 
what to expect when there is no reference measure A. For example, if no 
such ìà exists, what does "ess inf" mean? To understand what to do in such 
situations, let us see what we can say about our example without any ref- 
erences to Lebesgue measure. To this end, first suppose that l is an open 


set G. Then inf yn 7 ess inf 3 12; and so (0.1) continues to hold for 
ye yec 


open sets after "ess inf" is replaced by "inf . On the other hand, if r 


is a closed set F, then 


lim & log y (F) = -ess inf yn s -inf y 
e10 f yo yo 


More generally, what we will be seeking is a statement of the form: 


lim e log y, (G) > -inf I(y) 
£10 E yec 


for all open sets G, and 


lim € log y (F) s -inf I(y) 
ce10 d yo 


for all closed sets F. Such a statement is called a large deviation 


principle. 


1. Brownian Motion in Small Time, Strassen's Iterated Logarithm 
We are now going to repeat the computation earried out in the preceding, 


only this time we will be dealing with Wiener measures on path space insteed 


of Gauss measure on the line. We need some preliminaries. 

Let Q = C([0,«) ; 8S) and endow N with the topology of uniform 
convergence on compacts. (Clearly, this makes Q into a Polish space.) 
Let M denote the Borel field over N . For each t2 0 and w EÑ, 
x(t,w) denotes the position (value) of w at time t . Set T. - 

c(x(s) : 0s « t) (i.e., the smallest o-algebra over Ĥ with respect 
to which each of the maps w > x(s,w) , 0 < s <t , is measurable). Clearly 


€ €? forall Os sst and M=o(UN). 
7s Me an 


(1.1) Theorem (Wiener): There is a unique probability measure W 


on (Q,%) such that 


n 
Ww 
(1.2) E'Lexp(i ))(8,.x(t,)))] 


n 


= exp[-1/2 (86; 


Dt; At] 
pah d 3 i 


d : 
for all n2 1 ,O«t <... «to and 8,5658 ER . Moreover, if 


P is a probability measure on  (Q,7) , then following are equivalent: 
i) PU 
ii) P(x(0 = 0) = 1 and for all O0<s<t and LE E 
PG) ET] Mm) = f (rte) 29/2 exp(-|y-x(s) |7/2(t-8))dy 


iii) P(x(0) = m = 1 and for all n2 1 and O= to « t. «uut 


n {x(t 5) - x(t, 4) :1sjsn] is a family of independent Rl-valued 
Gaussian random variables, the ag one of which having mean 0 and 


covariance (ti -t, ,)I. 


j-1 


In particular, if n2 1 and 0= to € ...« tac then the o- 


algebras Fi 7 g(x(t) - x(t.) : EE sts Ep are independent under W . 


Proof: The only non-trivial assertion is that W exists. For a 
proof, see any text having "Brownian motion" or “Stochastic processes" 
in its title. Ww 

It is often convenient to have the following notion. Let (E,%,P) 
be a prohability space and (5, : t 2 0} a non-decreasing family of sub 

c-algebras of 4 . Given a map B : [0,o9) x E NS , we say that 
(8(t),S,,P) is an (R°-valued) Brownian motion if 

a) for P almost all q EE , t 9 8(t,q) is continuous; and for 

all t20, B(t) (i.e. q>B(t,q)) is F, measurable; 


b) for all Oss<tandle By 3 
R 
Pg) eT| F) =f Cnt 17 exp(-|y - CO ^ /2(-9) 
r 


Clearly, if EA = c(B($5: 0 <s « t), the (B(t) Ea ,P) is a 


Brownian motion if and only if §(-) is P-a.s. continuous and 

Pe (g(2 - gc)! (i.e. the measure induced on Q by the map q € E's 
(B(+,q) - 8(0,)) EN , where E' = (q: t 5 B(t,q) is continuous]) is 
lb, Given a probability space (E,%,P) and a Sto.) X measurable 

8: [0,2 x E» jd , we will say that B(*) is a (RÉ-valued) P-Brownian 


motion if (p(t), FP) is a Brownian motion . 


(1.3) Exercises: 

1) Suppose that (B(t) 5%, »P) is a Brownian motion and that 
P(g(0) = 0) = 1. Given X420, set 8, (€) x xs B(At) , and s - 
Tae ,tz0. Show that (8, (t) SP) is a Brownian motion. 

2) Let B(*) be a P-Brownian motion with P(8(0) = 0)=1. Show 
that tg(i/t) 20 , P-a.s., as t} O. Set ĝ(t)  t(B(1/tD. Show that 


8(*) is a P-Brownian motion, 


We now want to prove the following theorem due to M. Schilder. For 


1 

€>0, define X (t,u) ^ € x(t,w) , (t,0) € 10,2) xO . Set we 

W o x (y . Clearly LA > 55 as œ } 0 , where ôo denotes the unit 
mass at the path ęẹ(t)=0,tz0. We want to prove a anrec deviations 


result for tu, : € 2 0] . More precisely, we will show that if T>0 


and F is any closed Ti," measurable subset of Q , then 
(1.4) lim e log W (F) < -inf IQQ 

£40 E «cF 
where 


œ if q(0) # 0 or tlto T] is nd absolutely continuous 


(1.5) IG) = T 


uf lace? dt if y(0) = 0 and UIT is absolutely continuous. 


We also want the complementary inequality:+ if G is an Ti," measurable 
open set, then 
(1.6) lim e log CA) 2 - inf IQQ) " 
e10 LA: 

(1.7) Exercise: Show that the example discussed in section O is a 

special case of (1.4) and (1.6) 
Before turning to a rigorous derivation of Schilder's Theorem, note 

that the result is intuitively clear. Indeed, pretending that there is a 


"flat measure" on C([0,T]; RÍ , it is clear that 
z " T, 2 
w, (dw) C. exp(-1/2c i | x(t,w)| dt)dw on Mp 3 


Here e » X(t,w) , and dw are all meaningless. Hence, by the intuition 
used in section (0), (1,4) and (1.6) are just what we should expect. 

(1.8) Lemma: As a function on C([0,) ; R1 into [0,9) U fe] , I, 
is lower semi-continuous with respect to the semi-norm Wg given by: 


0 pt. 
Wels "uses Ive . Moreover, for any C < e , {y € C([0,o );R°: IQQ) s C] 


a 


is compact with respect to | Tc 


Proof: The second assertion is an easy corollary of the Ascoli- 
0 
Arzela theorem plus the lower semi-continuity of I, with respect to Ils 


2 1/2 
/ (65:653 for Ost, <t, <T.) 


To prove the lower semi-continuity of Ir , we assume for convenience 


(Note that |e(t5) - ¢(t,)| s xo»! 


that T= 1 . We claim that 
n 


(1.9) 21,0) = supa ) (eC Eo - «C El)? ae qo =o. 
n a 1 
Since 3) KKS E )-« El y^ is I-II» continuous for each n and 


1 
(«€ c([0,o) , R$ : q4(0 = 0] is closed, surely (1.9) proves that I, is 


I|-Ilf-10wee semi-eontinuous. 
To see that (1.9) holds, set H (0,11 5R°) ={y € C([0,2) R49): 
n 


L <2}. tt) ea) | gC «CEU? , and sq) = sup OD. 
1 


We first note that q(0) = 0 and J(q) < e imply y € 8, (10,115R°) . Indeed, 
let UD denote the polygonal interpolant of 4 betwen poitts E > k>2 0. 


1 


Then J, = $ im? dt . Hence J(y) < œ implies that 


1 
sup f IO o? dt =M<o, Thus, for any ọ € cocto, 1]; : 
n '0 


1/2 


à ae 
If ((e).oceyat = Lim |f. aO co ce) ae] < That is , 
0 mo 0 


lel : 
1? (t0,1] 82) 


#lio,1] has one distributional derivative tio € 12([0,1];nÀ) . Thus, 
*€ 2, (10,1125) . We therefore only have to prove (1.9) when 

ve 8, ({0,1]5R9) . To this end, note that, by Schwartz's inequality JO 
< 21, QD for all n2 1 and g € 8, (10,11;R°) . Also, by the triangle 
inequality, Iz, co 7? - 3, (5! E: In - 1/2 for any nz 1 and 


1/2 1/2 /2 


t1 € 0(10,;8)) . Thus |J(9) EROR 


' d : e 
c6 H, CIO, 1];R ) In particular, if UNS utes 8, (0,11 58%) 


- J(g) 


satisfy LG, -20 as n2 o , then JO) > J(9) . It follows that we 
need prove (1.9) only for a set of ¢'s which are 1, C) -dense in 
8, (L0,115R°) . In particular, q € C*((0,) RS) with $(0) = 0 will do, 


But if 9 € C (I0, ;RÓ) with «(0 = 0, then 


la 


k-1 2 
a) ONCE? 


n 
21,() 2 JQ) = limn y lec 
new 1 


= 2 
HO. 
" 
As a consequence of (1.8) , we have the following. Given a closed, 


non-empty, Ti" measurable Set F , we have: 


(1.10) . inf IQQ) 1 inf IQQ 
qcF 


T 
as 640 , where pô = {fẹ : (a¢' € E) lly - elt < 0]. To prove (1.10) , 


set £57 inf .1,(¥) and 4 = inf I,(¢) . Clearly tg t as 64 . Suppose 
ver yer 


that Lo «4 <2 forall 620. Chose 4 €F/" so that L6, « 
tin + 1/n < 4' + 1/n. By the second part of (1.8) , there is I-$- 

convergent subsequence (4 of Gu . Choose $ so that la. - «ll? > 
Clearly 4 €F . At the same time, LOD < drum IgG? <4' <2. Thus 


we get a contradiction unless (1.10) holds. 


(1.11) Lemma: For any T >0 and §6>0, 


« 


wdx) I2 26) «2d exp(-5^ /2dT) . 


Proof: From ii) in Theorem (1.1) , we see that, for any 6 c rt ; 


le | 
Xet) 7 exp((0,x(t)) - 2 t) is a (QM, 5) -mattingale. Now fix 
ec gil and apply Doob's inequality to X jg C for, >0: 


b( sup (6,x(t)) > ô) 
O<t<T 


& W( sup X, (t) z exp(x6 - A 1/2)) 


Ost<T 


A8 


< exp(-A6 + 71/2) 


Taking X = 6/T , we find that 


2 
w( sup (0,x(t)) 2 6) < g0 ET s ' 
Ost<T 
Since, 
, 1/2 
w( sup |x’t)| = 5) < 2d sup WC sup (0,x(t)) > 5/4 ^) , 
O«t«T d-1 O<t<T 
ees 

our estimate follows. Wi 

(1.12) Proof of (1.4) 

Let F be given. Without loss of generality, we assume that 
Fe ($: $(0 = 0] and that FAQ. 

Given $ € c([0,») 3R°) and n2 1 , let a denote the polygonal 


interpolant of 4 between times kT/n , k2 0 , and set 
s (n) 
vD = 21,077) 


Given 6>0, set 4, = inf. I.(4) . Then for all n2 1 and §6>0; 
6 ico T 


Fetes a er} ute le- PPS > a) 
= A (6) U B (6) 


We first estimate w, (AS CD . To this end, note that 


A (6) e(t: VO z 258] 
and so 
w, (A, (5)) s WO (C) 2 245! € 
Next, observe that ( z yu? (x( E )-x( DI ) ,leskzn ,are 


; d : ; 
independent, R -valued Gaussians with mean 0 and covariance I . Thus 


n 
2 
E kT k-1)T 
ACOREMUS EET Ment | 
1 


has a "d distribution with parameter nd. In particular, 


wiv GG) 2 245/2) 


sa QUu/2 qnd/2-1 gu 
Ta 
ô/ £ 


~2 fe 
i po -u/2 nd/2-1 
=e c e (u + 2 du ; 
n! 0 n ZA 


and so for each n21 and 670 there isa K (6) «^c such that 
n 
w (A. (0) © & co je 9/5 dae 
cn n /e e 


so long as O<esl. 

We next turn to w, (5. () . But 

w, (5, (0) = wB (0/5) 
s W( max sup |x(kT/n + t) - x(kT/n)| 2 5/261?) 
Osksn-1 OstsT/n 
s 2nd exp (-n6^ /8dTe) y 

where we have used the fact that g(t) = x(stt) - x(s) , t 20, isa 
W-Brownian motion for each s2 0. 

Now fix 6 >0 and choose n 2 1 so that nô? /8dT > te . Then, 


from the preceding three paragraphs we have 


Wy CF) < w (A, (6)) + WB (0) 


nd/2, + 2nd a Me 


n 
se Ost œ (6) /e 
where 7 = n6? /8dT -4 6 20. In particular: 


e log W (F) 5 4, + e Log Ik, (6 /e"4/? + 2nd eT? ] 


and so 


10 


lim e log ib (F) s - inf, 1,(¥) 
e10 t perô T 


Using (1.10) we get (1.4) by letting 610. B 

The proof of (1.6) depends on a result which is a great importance 
in and of itself. We now present this result (originally due to Cameron 
and Martin) in a more general form than is necessary for our immediate 
purposes. 


(1.13) Theorem: Given 90 € RÊ , define X : (0.0) XQ > pR! by 


2 
X) = exp((0,x(t)) - tel t) . Given T>O, = w] if and only 


Ping 7 m 
if (X(t A T) Vs?) is a mean one martingale for each 9 € Ro . Moreover, 


if N: [o,2) XA > RÊ is a progressively measurable function with respect 


to n: tz 0} (i.e. for all T»0, Lm Tha is Rio T] * Mp- measurable) 
satisfying sup i Ince,w) [2 dt <œ% for each T>O andif 
0 
(1.14) XQ) = exp(" (mts) , dx(s)) - 1/2 f'incol?as , c 20, 
0 0 


then (Hct) M, W) is a martingale. (The quantity francs), dx(s)) is the 
^ 0 
Ito stochastic integral of T|(*).) Finally, given such an 7| ; set 


elt) = x(t) + [Ë n) ds and PT - o (g1()7 . Then; for each 
o 


a 
T>0, las «ul, and Wb = X(T) i 


Proof: The characterization of Wẹ in terms of the X,'s is an easy 
exercise based on ii) of Theorem (1.1) 
To prove that X in (1.14) is a \b-martingale , one starts with 


the case in which T| is uniformly bounded and simple (i.e. satisfies 


T(t) = NCINt]/N) , t 20 , for some N21) . The general case is then 


11 


obtained by an easy limit procedure. More details can be found in Theorem 
4.2.1 of [S. & V.] . 

Finally, to prove the last assertion it again suffices to handle the 
situation in which 7| is uniformly bounded and simple; the general case 
then follows after taking limits . Assuming that 7 is uniformly bounded 
and simple, note that fato, dx(s)) and therefore X (t) are defined 


0 < 
everywhere on (1. (Indeed, fno), dx(s)) = y ag E x ^ t) 
0 


xd ^t)) if T(t = N([Nt]/N) , t 0.) In particular we can define 
pl integrals of X(t) unambiguously. Given T>0 , define Q= 1/%, (7) pl 


(i.e. Q«« pl and Sa = 1/%, (7) . If we can show that al Pl " 


then we will know that ui = Xy Dw] . To this end, let 0 € x 


os t1 « ty s T and A € US be given. Then 


Qj; E 
EUX t), ALS EP DeC /X D, Al 


- g'ix 
= EPpx, (ty) X OX GU » A 
- w = w 
E [Xo (t2) A] = E [X E SUE A] 
= x, (t) X 4O)/X p(t)» A] 
e-T -T TO 


m D,A]5Ex.« A 
BP Dp XO), A] = BRS), Al, 


where we have made repeated use of the martingale property of exponentials 
of the form given in (1.14). Thus, we have shown that (Ky (t AT) M.D 
is a martingale for all 6 € ja ; and so by the first part, Clin, = lo . B 
(1.15) Proof of (1.6): 


Let G> be an open Mp -measurable subset of () satisfying 


GN{y: 300) =O} AG. Set LE inf L,/$) . Given a>0, 
$€6 

we can find 4 € 6 D C ([0;9),8 ) such that W (0) =0 and 1,05) > 

L-a. Choose 6°>0 so that 8, (15,59) =fe: lẹ- re «061ec. 


Then for ees: 
0 
V. (G) 2 w, BC ,0)) 


= o : le? xcu - col < 6) 


1/2 /2 


= Wo : lw) - 1767 PNR < o7 ^ 
=p (o: Ikeo < ô/e 423 
where P. = Wo BEC) with p€(t) = x(t) - 1/,1/2 eo, tx. 


Tt 
f? d*c, exc» - ue x a?» . 
0 


By Theorem (1.13) , = x(w] , where 


Palm, 


X(T) = exp(- ie 
Note that 
p (Cs), exc» = GP), xc» - f, (Cs), x(s))ds 


0 0 
sa +T) [ell lx coli. 
ID la, 5 ls 


[0,7) ; 


0 
Thus, with K = (1 t T) 
I" lE oon ety 
0 0, 1/2 
-I)e ,, -Gl|lx Coll 7e ^^) 
w, (C) ze 1 Wie t 5 ll Con < 6/21/72 
1/2 


> exp(- 1,(9°)/e - ko/e)C]xér3]lo < 6/e'/7) . 


Since, by continuity of the paths x(+,w) , wdi) 2 < Bre 23 21, we 
T 


now see that: 


13 


lim e log V (6) > AQQ) - K6 
[319] 


2-4-a- K6 


for all a~a>O and O<658 69 . Clearly this implies (1.6) . WM 
We have now proved Schilder's theorem. To summarize, we state: 


(1.16) Theorem: For ¢€ >0, set X (t) = pt x(t) , t 20 and 


godes X C) -l Let T» 0 be given and define Ip by (1.5).. If 


F is any closed , Mr -measurable subset of (Q , then 
lim € log w (F) s - inf L.(4) . 
c10 E ger 7 

If G is any open , M -measurable subset of Q , then 
lim € log W (G) 2 - inf I„(Ẹ). 
£40 $ yec T 

Having worked so hard to get Theorem (1.16) , it is only fair that 
we demonstrate that there are nice consequences. Perhaps ths most striking 
application is the beautiful theorem due to V. Strassen on the law of the 
iterated logarithm. 

(1.17) Theorem: Define ¢(n) = (2n log, apu for n22 (1og, x = 
log(log x) for x> 1 ) . Given n22 and T» O , set g (t0) is 
x(nt,w)/¢(n) , t € [0,7] and vo €Q . Then for W-almost all w , the 
Sequence (£, C .9)35 has the following properties: 

i) (6,050015 is precompact in c([0, 7], 85) ; 

ii) if Ea C,9)35 is a convergent sub-sequence of (£, C9); 
and $ is its limit, then 21,00 sp 
iil) if ye c(to,7] 38°) with 21,00 s 1 , then 


there is a subsequence of tE C .0)35 which converges to (€. 
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In particular, if 3$: cCI0,7) ; 83) +R! is a continuous function, then 


(1.18) bim a(g, (+)) = sup 8(4)) = 1, 
n2 PEK, 


where Ky = {4 € c(Lo,7];8)) : «(0 = 0 and 21,(4) < 1} . 
(1.19) Exercise: Given the rest of Theorem (1.17) , prove (1.18). 


Apply (1.18) to prove the classical statement that W(lim x, (n)/g(n) 71) 7-1. 
nes 


(1.20) Lemma: Let KCC c([0,7]; 23) YE C(I0,2) ; RS) , and 
AS (l,o) satisfy 1€ he. For n22 , set 46) = Y(nt)/$(n) , 
OstsT. Given A4»1, set na? = [A] . Assume that for each 
0 


AEA, lim Il, Q) T Kll 70. Then the sequence NM is precompact,. 
TK m 


Moreover, every convergent subsequence converges to an element of K. 
Proof: Since K is compact, we can find M <œ and a non-decreasing 


function p : (0,T] > (0,9) satisfying lim p(t) 7 0 such that 
tło 


sup IPM SM and sup |¢(t) - a(s)| < p(t-s) ,OSs<tsT. 
v€K Lis 


Given 6 2» 0., choose A € A so that p((1 


1/1)7« 6 and 

(A-1) (Mô) < 0 . Next, choose an integer L 2 2 so that (log, dx)/ log, X£€2 
for x ZL, Finally choose m(4,0) so that le. Q) ^ rll? < ô for 

m > m(\,ô) and set n(6) =L V m(4,60) . Given us n(6) , choose m so 
that a Sns atl and set N = pE . Since m 2 m(4,0) , we know that 


lt - EM <ô. Thus | - EUM <6 + Je, - tulle . Noting that 


H(t) = Y (at) /o(n) = WC È Nt) /9(n) 


E n ,, GQ) 
us ty N t) $n) , 
we see that 
oN) Ray. 
B o6. 9-60) 


OL 
lt, - tulle = Ed 
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oN) _ 9 Bry - 
< lg 7 H May, + eee Is 9 7 Syl 


ire 


Cay | (1*6) + 20 * p((1- EOD . 


Since ns Ns Mm, 


1 
1.400.408 . 4 1 AE 


$n) 9 (n) = (X log, a SA. 


Hence er - 1| M+) s (A - D(Mt8)s6. At the same time, 
g(O - 3 )T) s p((1 - 1/9) <ô . We have therefore shown that 


UA - EM < 56 for n2 n(0). 


0 
We now know that lim lle, - Kl, = 0. Since K is compact, the 
no 


desired result is easy from here. W 
(1.21) Proof of Theorem (1.17): 
We first prove i) and ii) . To this end, let }>1 be fixed 


for the moment. Given ô>0 , we can choose 1 <y < inf, 21,00 " 
6 6 . = 
š = . > wh A) = 

Noting that we, on! ) t KD) BO (x(-) X Kp) , where € (A) 


(2 log, n0»! , we see from (1.4) that b(E, ay? tx» s 
m 


1 1 
log A (m-1)Y 


exp(- y log, na) s for sufficiently large m's . Hence, 


e ô , PORS ees 
AEI GRP) <e 5 and so WOI (Wm 2 0 E, (0) ERD = L 


Since this is true for every ô> 0 , we now know that for each , > 1 


y= ; -gll = 
there is a W-null set B(A) such that nae lle, oot >W) Kll 0 
m 
œ 
for each w € BO) . Set B=B(1+ 1/n) . Then Ww(B) = 6 ; and to 
1 


each w € B we can apply Lemma (1.20) with A= {1+ 1/a:n2 1} and 
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thereby conclude both that the sequence (5, C 0) : n 22} is precompact 
and that every convergent subsequence converges to an element of . Kr : 
To prove iii) , we proceed as follows. First, note that there 
|-||°-dense subset of Kr consisting of ¢'s 
T tAT 
satisfying 21, (0) «1. (Indeed, simply take $0 - T $ Coat, 
0 


exists a countable, 


nz 1and t 20 , where (er c 1? (0,7); 83) is dense in 


T € 1? ([0,T];RÎ): lie 2 a < 1.) Thus, it suffices for us to 
L ([0,T];R ) 


show that for each $€ Ka satisfying 21,(4) <1, W(Qim lle C $ tlt =0) =1. 
nee 
Let: ( € Kp with 21,0) <1 be given. For k 22 define $(t) = 


( if 0stsT/k 
g(t) - «(T/k) if t2 T/ 


i} 


k ; and if m2 1 set UN jy UO 


0 if OstsT/k 


-1 Note that 
(x(k) - x(k ry) /g(k) if t 2 T/k 


ODREDE ull? s lis Cli n * Meat lle C o) ML 
s 2dle Coli. + Walled * ns uo - alle - 


Thus if C= fw {6 (+50) 35, is \|-|\-pre-compact} , then for given 6 >0 


and any w € C we can choose k(w) s 2 such that 


0 0 
lS my CI Y eli. s5* Makea) T UNUM 


for all m21. Since Wp(C} = 1 , we now see that it suffices to prove 


" 
Sz 

u 
" 


that for each k 22 , W(lim Im, C) - A Noting that, for 
mo s 


fixed k 22 , the processes (n. ,(t) : 0 sts Td are independent under 
, 


0 
W , we will know that UWim||n pC) - tllp = 0) = 1 once we show that for 
mo ? 


every &€ 250: 
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wd, Gd - elles se. 


But = 


0 ~ 0 
wm. «C g tllo <e) = LA (k) (|x )- tl U-1/k)T <e), 
m 


where 2) = (2 log, xl and Heft) = AC + T/k) . Since 
216 -1/k)T Qo s 21,0) «1, we can use (1.6) to find m(k) such that 
for mz m(k) : 
m 
~ nO ~ylog,k 1 
w( C) - <e) 2e ni E NO 
Im. Hlp < € PEN 


where y EQ ya yyyr (#) 51). 


Before dropping this topic, we will indicate how Strassen's theorem can 
be used to rederive the Hartman-Winter-Khinehin law of the iterated logarithm. 
The main new ingredient is the following theorem due to Skoroh d. 

(1.22) Theorem: Let gj be a probability measure on a satisfying 
f e p(dx) = 1 and f x u(dx) = 0 . Then there is an Rl-valued Brownian 
motion on some probability space (E,%,P) and there are independent 


identically distributed random times T E> [0,©) such that EEr] =1 
n n-1 


a : 
and {p( Vw - gc E is a sequence of independent y,-distributed 
1 


random variables on (E,%,P) . 
Skorohod's proof of (1.22) consists of two parts. The first part 


is outlinediin the next exercise. 


1.23) Exercise: Given ; 0, , define = - + 
(1.23) Exercise po € [0,9) fos. 


—P— ô i£p-q^0 and y = 6 
pq 


p q-q o i£ P-a470. Givena p of the 


sert in theorem (1.22) , show that there exists a probability measure œ 


on [0,9) x [0,9) such that y = f 2"P.q a(dp X dq) . The easiest way 
[0,) 
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to prove this representation is to first assume that y is the sum of a 
finite number of atoms. One then uses weak convergence to extend it to 
p's having compact support. Finally, using fx u(dx) = 1 , one extends 
it to the general case. 

The second part of Skorokod's proof relies on the strong Markov 
property of Brownian motion: "a Brownian motion starts anew at a stopping 
time." 

(1.24) Theorem: Let (B(t),9, P) be an Bo -valdnd Brownain motion. 
Given an F-stopping time T andan A€ Fa satisfying A c fr « e] and 
P(A) > O , define £ Pu. P/P(A) (s. ={ACK:AN{rstte 5. for 
allte2 01) . Then (8^ (t), 5 pË) is a Brownian motion, where 
g' (t) = XLO o) £T) (B (EFT) - B(r)) . In fact, if A€ * and T EM , then 
PAN { 1 <=} N {BT erp = PAN fr < otr). 

Proof: Suppose that we have proved the last part. Given A € 5. 


such that Ac {r «e| and P(A)>0,0st, < ty > and BEF 


1 
satisfying P(A N B) >0 , we would have, for all 6 € Ro : 


i(0,8' (t,)) 
s P 


1 (6,87  1€6-t,) (0,87 6). 
e 


Tti 


- PQ n 2) fe 


e i(0,x(t,-t.)) ArB . 
= PG 0 B) ge 2 717] gQ Te 1687 (4 
PA) Ë 


ANB 2 
P 
-PERE E? DexpGi(6,8 (6) - tele (e, - £91 


Sie 


2 
[exp(i(o,g (t) - lol- (t, - t4)),B] . 


This is just the Fourier transform of b) in the definition of a Brownian 
motion; and therefore we would have proved that (8 (6) Fy 0) is a 


Brownian motion. Thus, we need only prove the last part of the theorem. 
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In proving the last part of the theorem, we will assume that T7 s T 
for some T ^0 , since in general we can replace +t by T AT and let 


T tœ. Given A €F with P(A)>0,0st, <t, , and rem, , we 
T 2 1 


1 
have, by Doob's stopping time theorem: 


2 
gs (0,x(t,)) - Lel“ ty 
e 


A. T 
ga °8 (+) r] 
2 
(6,8 (e) - lee . 
um : 2. Bete tary] 


SE 
2 2 
pop (88 ¢rH,) - BCT))- lel Crt) Lel” T ieri 
“sy : e ngo qmi 
L p @ Bate) -B0 TL cep Lol? 
= pay E fe Q7 ? ane.) cry] 
ce,a7(e,y - tele ] 
= 2 te re TD gt) ry] 
A T, .-1 (@,x(t.)) - pa 
2gqEOUL 1 2 18, 


for all 0 ER . Since Q^ x By (x(0) = 0) = 1 , this proves that 
A E 
qQ.g'()l-v. m 
(1.25) Proof of (1.22): 
d 
Take d= 1 in the definition of (Qi). Set E=QX (10,25? : 
F= NXB gt and FL = MX 8 +,t20.. 


([0,)?) z 


2 
([0,9)) 
2 z* 
Given u , choose œ ou [0,e) as in (1.23) , and set P=WXy 
Then ( BCE), F >P) is a Brownian motion on (E,% P) , where BC sw, (p, ) = 


x(*,w) . Next, set To =0 and 
T (o, Bo") 


= inf(t 2 T. (5, (9,d)): x(t,m) - x(T, (m, (9,0) 0) € Cas; p) - 


Clearly the T's are Sestopping times. Moreover, if Tu =T -T 
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then 7, (o, B.4)) is the first exit time of x(*,w) from (-4, P4) , and 


therefore 


[ ORD) = py a, = fx (ax) . 


M 
P4534 
Hence, EEr] = f xt p(dx) = 1 . Assuming that Ta <œ (a.s., P) , one 


can use (1.24) to conclude that and g- + T) - B(T) are 


Tatl 
independent of Fp and have the same distribution as "i and gon 3 
respectively. Siae x(t, C B,9)) 5°) has distribution *p, 4; and 
therefore gp has distribution u , we now see that the 8a - 
ga, 's are independent and have distribution u . gy 

We can now prove the following important corollary of Strassen's 
basic result. 

(1.26) Theorem: Let Xeer be independent, identically 


distributed, Rl-valued random variables having mean 0 and variance 1. 


Défine S(t) , t 20, by 


S(t) = (1-t- [t)si.y + (t - [t1)S | t] +1 


n 
where 5 =) x, and 8970 . For T2 0 and n2 2 , set 
1 
T, CO = $(nt)/ó(n) , 0Osts T 


where $(n) = (2n log, ayer . Then, almost surely, one has 
i) UC) : n2 2]. is pre-compact in co, 7] ;aby 3 
ii) amy convergent subsequence of ico n 2 2} converges to 
to an element of Ky ; 
iii) for every 4 € Kr , there is a subsequence of E): n 2 2} 


which converges to (1$. 
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(The set Kr is the same as the one in Theorem (1.17).) In particular, 
if 3: C([0,T] ; ab E gl is continuous, then P(lim 80, C) - 
Do 


sup $(3)) =1. 
eR. 


Proof: In view of Theorem (1.22) , we can find (8(t) 5%, >P) and 
n 


LAM as in that theorem so that (S)? and fg( Yo) have the 
1 


n 
same distribution. Thus we will assume that S(n) = B( 2j) . It is 
1 


clear that the proof will be complete if we show that 


S(nt) - nt 


PICS) =0O (a.s., P) . For notational convenience, 


lim sup 
n» O<tsT 


we will do this only when T 7-1. 


Note that: 
sup [S(nt) - g(nt)! = max sup  |S(t) - B(t)| 
Ostsl lemen m-l«t«m 


< max |S(m) - B(m)| v |S(m-1) - B(m)| 
lamen 


+ max sup let) - 8(m)| 
lemen m-1«t«m 


Thus: 
sup S(nt) - nt 
O<t<1 p(n) 
m m-1 
SU A EG hn E EY ¥ IEG 2 n) . EN 
lemen 1 1 


+ max sup 16, (t/2) - go] 


lsm<n m-1«tsm 


1 a m 
E- G YT T al 


+2 sup |€(s) - &(t)| ; 
Ossst<1 
t-5«1/n 
where g(t) = B(nt)/g(n) , O<t <1. Since, P-almost surely, 


[E COE is pre-compact in C([0,1] ; ab >» we see that 
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S(nt) - nt 
p(n) 


EG 


lim sup Eal z 


< lim max M d T) - 
Tee O<t<1 » k 


nmo lems 

(a.s., P) . Finally, given c » O , define A (N,6) » for N22 and 

6 20 , to be the set (sup |i Lu -1| <8} n {lg ce) - Ets) se for 
meN 

nzN and O«s«t«1 satisfying t-s«6] . By Theorem (1.17) 


and the strong law of large numbers, P(A (N,8)) +1 as Nto and 810. 
unl 1&8 

At the same time, {lim max |g G ) m) 8] « e) 2 A Q6) 
n- lamen i £ 

(a.s., P) for each N and §6>0. a 


(1.27) Exercise: Let Xeo aeee be as in Theorem (1.26) and 
define S(t) , t 20 , accordingly. For nz 1 , set YO - S(nt) /n!/? 1 
t 20 , and denote by Pa the distribution of YO on (A,m) . Using 
the representation technique introduced in the proof of (1.26) , show 
that Pa tends weakly to W as n-»o . This result is known as 


Donsker's invariance principle. 
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2. Large Deviations, Some Generalities: 
Let X be a Polish space with Borel field R . We will say that the 
function I : X> [0,2] is a rate function if 
i) Ife , 
ii) I is lower semi-continuous, 
iii) for any L>O , {x : I(x) <u} is compact. 
A family {u, :e> 0] of probability measures on (X,8 ) is said to satisfy 


the large deviations principle with rate I if 


(2.1) lim € log b (F) € - inf I(x) 
e+0 x€F 


for all closed sets F in X , and 


lim 
(2.2) cio © log n, (G) 2 - inf I(x) 
x€G 


for all non-empty open G in X . 


(2.3) Remark: As we have seen in section 1) , it is often convenient 
not to restrict one's attention to X but, instead, to a larger space. For 
instance, in our discussion of Schilder's Theorem, we thought of the We's 
as living on Q = C([0,9); Rd) . However, Schilder's theorem really 
involves the restriction of the We's to Xp = [o €c([0,T] ; R3) : q(0) 


= o} for some T > 0 and says that the We satisfy the large 


1 
pa $ 


deviations principle with rate Ip. 


(2.4) Remark: We have already seen how important conditions ii) and 
iii) are. For example, by precisely the same argument as we used to derive 


(1.10) 
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(2.5) inf, I(x) + inf I(x) as ô40 
x€F x€F 


for any closed F#Q@ in X . 
We next show how our set-up leads to an interesting abstraction of 


Laplace's asymptotics. 


(2.6) Theorem. (Varadhan): Let [ug : € > O} satisfy the large 
deviation principle with rate I . If ®: X¥ + Rl is a bounded continuous 


function, then 


u 
(2.7) lim £ log E Efe] = sup(®(x) - I(x)) 
` e40 x€x 


Proof: Set 4 - sup (@(x) - I(x)) and define K = [x : I(x) < Mol + A]. 
x€X 


Then K is compact. Given 6>0O , cover K with a finite number of open 


sets Gj,...,Gy such that sup B(x) - Gy)| < ô for all 1 < n < N; set 


x, yEGn 
N 
F= (UG, )¢ ; and for 1<n<N , define ied inf (x) and 
1 x€G. 
b = inf I(x). Choose & 5 0 so that 
n = o 
x€Gnu 
" -(b,-6)/e 
ALD, Ee 


and 


u (F) < expl- (inf 1G0-5)/«] 
gs 
x€F 


for O0<e< e€. Since inf I(x) > IO + B , we have: 
9 x€F E 


be Nox " Be 
E [exp (@/e)] <) E [exp (8/2), Gal + E [exp (9/&), F] 
H 
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N P = 

j _(ant26 bad/e KG jepe 

1 

U25)e b Gee n ARREO 
1 


» sup t 
for O<e< €, + Note that an ba Ê xe, CC I(x)) <2 , and so 


this proves that 


u 
lim € p O/e 
e+0 elog (E ^ [e] E) < M26. 


Since this is true for all 6 > 0 , we have: 


a u 
1 €E p o 
ii clog (E * [e ey EA. 


Next, given 6 » 0 , choose x, € X so that $(x,) -I (x) 224-6. 


Now, choose an open set U 3 x, so that [eoo - $G.)| <ô for all x €U. 


Then: 
lim G/e lim Be G/e 
210 Elog E *[e ]5 20 clog E [e ,u] 


> Ox.) -ô + HE clog p (U) 


> Bx.) - 6 - m (x) 


2 Sx) - I(xj)) -ô 


>2-25. M 


Before proving a useful corollary of (2.6), we need the following. 


(2.8) Lemma: Let @: x> Rlu{+ =} be a function which is bounded below. 


Then 4$ is lower semi-continuous if and only if there exists fe. ]7 S c, (x) 
such that ®t . 


Proof: Say there exists fae €, Gx) such that A ^6 . Then 


1 


[o < c] z Als, « c] is closed for each c CR'; that is, © is J.s.c. 
n 
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To prove the converse, first suppose that © = Xo for some open G in 


dist(x,G^) 


(1/n) V dist (x,6°) 
Sa € e, (x) and a * O6 . Next, let 9? be any &.s.c. function which is 


X . For n2] , set ACA - x€X . Clearly 


bounded below. Since Ant as n>% , and GAn is AX.s.c. for 
each n? l , assume that © is bounded. In fact, without loss of 


generality, we will assume that @(x) € (0,1) , x&X . Given n21 , 


set 


_ k 
= I atk, ke? ! 
n n 
n 


Clearly. a t G . Moreover, we can re-write M as L (6). Since 


lx 
k 
"kel GSD 
6(x€0,),xe€X , and 9 is s.c. , {x : Bx) € 1} = [x : B(x) > 4 
is open. Hence each ©, is the increasing limit of a sequence from eO. u 


(2.9) Corollary: Let fu, : € > 0) and I be as in Theorem (2.6). If 


@:x->R! is lower semi-continuous and bounded below, then: 
u 
(2.10) lim £ log E Ele? E] > sup (9G) - I(x)) . 
TU x€X 
B(x) AL(x)<@ 


(We adopt the convention that the supremum over @ is -9 .) 


If 6 : X» R is upper semi-continuous and bounded above, then 


u 
(2.11) Tim e log E *[e7/ 5] < sup (860 - I(3)). . 
e+0 xX 


Proof: In the first case, choose fe. 1T S c, (x) so that a TO 


Then 
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u 
lim £ log E mE] > sup (8 (x) - I(x)) . 
e+0 x€X 
Assuming that 2% = sup (B(x) - IG0) > -œ , we have that 4 = 
xEX 
B(x) AI (x) <o 


sup (®(x) - I(x)) . Hence for ô> 0 , we can find Xs €X so that 
xcX 
I(x)K» 


I(x.) € and: 


1/8 + I(x.) if =o 
6 (xs) > 
A - 6 + Ilx) if Ro. 
N 
Thus, we can find n > l so that 


1/26 + I(x.) if L=% 
9$ (xs) > 


&- 26 + I(x if A4. 


5) 


We therefore see that so long as 2 > -œ , (2.10) holds. But, if 4 = -e 


, 


then (2.10) is trivial. 


A 
We now turn to the second case. Set = sup (6(x) - I(x)) . If 
x&X 
47-9 , then, for any L>O , [x : B(x) > - L} € {x : I(x) = +} . 
Since © is u.s.c., {x : B(x) 27 L} is closed. Thus 
m 

lim € log E i E $»- L] = =o 

e+0 
for all L . Therefore, for each L > 0 there is an ey > 0 such that 


n p n 
ele = e [eE uecrag Ele? E, $»-1] eae Me 
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u 
if O<e< a Hence lim € log E Ep E = -> if =- , Now assume 
evo 


that 4» -> , Then œ> &= sup (6G) - I(x) : B(x) > -» and I(x) <e} . 
Choose AM g e, CO so that a + and note that 
u 


Tim £ log E E[e?/ €] < sup (3 - I(x)) 
e+0 xEX 


for each n> 1 . Given n> , choose x, 80 that I(x) <œ and 


© (x ) - I(x_) > sup (6 (x) - I(x)) - 1/n . Since sup (6 (x) - I(x)) >2 , 
nn n= n n = 


x€x xXx 
I(x) <M- 2% where M= sup By (x) <œ% , Because ĉl > -> , this shows that 
x€X 
ES is pre-compact. Choose a subsequence {xs} which converges to some 
Xp - Then, since - I is upper semi-continuous, 


lim [2 iG ~ Ix )] £8 - Teg) 


n'»o 
for every m> l . Hence: 


u 


Tim £ log E ESSI € Tim (6 ,(x )) - I(x 0) 
e+0 “aloo P R a 


& 8 Gp - I(xg) 


for all m> l ; and so 


M. n 
Ha e log E [eE] = a(x) 9d € ou 
e40 9 Dm 


(2.12) Remark: If © is upper semi-continuous and bounded above, then 


"y = sup (6(x) - I(x)) . Indeed, 
xEX 

if sup (®(x) - I(x)) =- © , then @(x) - I(x) = -» for every x€X . 
xX 

If sup (6(x) - I(x)) = 4 > -æ , we can find cae CX so that I(x) «o 


xX 


there is an X9 € X such that $(x9) - I(x 


and B(x) - I(x) >2-1/n . Since 9 is bounded above by some M < œ 


> 
{x M € {x : I(x) €« M- 4 * 1]. and so. {x ? is pre-compact. Choose a 
n'l - n'l 


convergent subsequence {xa} with Limit X9 * By the upper semi-continuity 


of $-I , (xo) - I(x) > Tim (OG) - Ix) > A A. 


n'2e 


3. Cramér's Theorem: 

There are two directions in which one might try to extend the results 
obtained thus far. One of these is to see how far one can go on reasoning 
based on independent increments. The second is to generalize the results of 
section 1) by taking advantage of Gaussian properties. In this section, we 
will go in the first of these directions. 

l 


We begin with the following. Let u be a probability measure on R 


with the property that 
MCE) = Je u(dx) < © 
for all E€ R? . Note that 


i) ME c^ and has values in (0,9) , 


(3.1) 
ii) ME, + («-5) < MG) AI) for all EE, ERI and 


0«ca«1 . 


The first assertion in (3.1) is an easy consequence of Lebesgue's Dominated 
Convergence Theorem, the second is a simple application of Holder's 


inequality. We next define 


(3.2) I(x) = sup(Ex - logM(E)) , x€ R? : 
ger! 
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(3.3) Lemma: The function I is a rate function. Moreover, I is 
convex, Finally, if a= [xuü(dx) , then I(a) = 0 ; and therefore I is 


non-decreasing on ([a,9) and non-increasing on (-9,a] . 


Proof: Since Ex - logM(E) = 0 when E- 0 no matter what x is, 
I>0 . Also, as the supremum of continuous functions, I is 1.s.c. Now 
suppose that L € [0,9) and consider K = (x : I(x) <L} . Since I is 
l.s.c, Ky is closed. Moreover, I(x) < L implies that x - logM(1) <L 
and that -x - logM(-1) CL . Thus, K c [-L - logM(-1),L + logM(1)] , and 
so K, is bounded, We have therefore shown that I is a rate function, To 
see that I is convex, let Xj 5X € R! and O0 <a< l1 be given. Then, for 


any eer; 


al (x, ) + (1-a) I(x, ) > alx - logM(E)) + (1-a) (Ex, - logM(2)) 


: Cox, + (1-a)x, ) - logM(E)) , 


and so I(ax + Q70)x,) < ax) * (1-a) I(x, ) š 

Finally, by Jensen's inequality, log( fe™™*u(ax)) > Efxu(dx) = ga. 
Thus, £a - logM(E) <0 for all & er! » and so I(a) =0 . Also, if 
= (l-a)a + ax, . Then 


1 2 
I(x,) € (-a)I (a) + al(x,) = oI(x,) < I(x,) . Similarly, if x <x <a, 


aC€x x ; choose 0<a<1 so that x 


then I(x,) 2 I(x, ) . a 

Next, let Kpoeee sk be independent random variables, each with 
distribution u . Set Sa = i Xm and let Pa be the distribution of S/n. 
We are going to show that (a : n> 1) satisfies the large deviation 


principle with rate I (take €= l/n) . 
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1 


(3.4) Lemma: Let F be a closed subset of R . Then 
(3.5) Tim L log us (F) < -inf I(x) . 
noo n xcF 


Proof: If F=@ or aé€F , there is nothing to prove. Assume that 
F * Q and that af F . Assume, for the moment, that F c (a,~) and set 


y) = inffy: y EF} . Then, for E» : 


-ty, 5s /n 
uF) uy) <e "Ele ] 


Ey. 
=e 2wt/n)" 
and so 
1 1og uF) < -CE/n y, - log M(E/n)) 
n 
for all E » 0 . Hence 
i log ba (Œ) < -sup (Ey, - log M(E)) . 


—>0 


Since y2 > a and therefore 
Ey, 7 log MCE) < Ey, - Ea = Elyga) <0 


if €<0 , I(y,) = ee - logM(E)) . Thus, we have 
E50 


Tim 1 log ua (F) < -I(y,) ; 


n»o n 


By a similar argument, if F c (-9,a) , then 


Tim L 1og M (F) < “I(y,) , 


noo n 
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where y, = sup{y : y EF} . By the last part of Lemma (3.3) , this 
finishes the proof when F g (a,9) or F c(-%,a) . 
To complete the proof, let F #@ be a closed set not containing a 


such that neither FQ (-~,a) NF nor F, = F f)(a,o) is empty. Let 


2 
ys sup(y: y € rj and y, = infly : y € F,} š 


By the preceding paragraph: 


Tim L log p (F) < Tim l tog [b F V a(F,)] 
noo n noo n 


&-ü(y^ I(y,)) " 


Finally, note that, by the last part of Lemma (3.3) , I(y, ) = inf I(x) and 
x€F, 


and I(y,) = inf I(x) . B 
x€F, 


(3.6) Lemma: Let G 4 d be open. Then 
(3.7) lim l log ua (G) > -inf I(x) 
men xG 
Proof: We will show that for each x EG , lim L 10g u (0 > -I(x) . 
If I(x) =© , there is nothing to do. Thus we NADA that I(x) 4 . 
First, assume that there is no E € jl such that I(x) = Ex - log M(E) . 
Then x # a, since I(a) = 0 = Ea - log ME) when E70 . Assume that 


x?a . Then, there exists a sequence (m € (0,9) tending to +% such 


that Ex - log MCE) > I(x) . Note that 


Nar) 
e y (Gy) +O . 
(-25,x) 


Also, 
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E (y-x) 
ia n -I(x) TS 


(dy) = 
no [x^ 2x S 


for all n. Thus u((x,-)) = 0 ; and so 


» E (y-x) 
et) = lim f e" Wdy) = u((xD. . 
n»o 
But this means that 
u (6) > n C0) > nC = EOD, 


which certainly implies that lim 1 log uj (6) > -I(x) . A similar argument 
n?o n 


applies to x <a 
We now turn to the case when there is a 50 eR! such that 
tox - log ME) = I(x) . Note that x= M'(C59) /KC Eo) . Set 


boy ' 
0 M 
dy) = £ u(dy) , and note that f yütdy) = way = 


MC t9) M to) 


x > a, and therefore that Eo 20 , we have, for all sufficiently small 


x . Assuming that 


6>0: 
u 6G) > n ((x-8,x+8)) = Í E a(dy,). aldy) 
1 
uq } Ya | $5) 


-nE, (x*6) Eoy Eoy 
>e 9 Í d o sien "u(dy,) ***uCdy,) 
n 
1 a 
uq } Yon x| <8} 
-në g (2+8) " u 
=e MES) f " Ray) ** Cay D : 
l 
uq I Ya | <8) 


By the law of large numbers, 
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Í Way, ee Cay +1 
n 
l = 
ur I Yd x|<6} 


as n>% , Hence 


lim l log p (C) > -Eg(x+5) + MCE) = -I(x) - t6 


noo n 
for every 650 . A similar argument works if x < a (and therefore 
Eo <0). B 


We have now proved the following theorem. 


(3.8) Theorem (Cramér): Let p be a probability measure on R! 


satisfying MC) = fee%ucay) <œ for all E er! . For x er! , define 


I (x) = sup (Ex - log M (E)) . 
H 1 u 
ER 


Then t is a rate function. Moreover, if ja denotes the distribution of 
n 

ij y, under u^ , then ua satisfies the large deviation principle with 

mg 


rate Li (take £= l/n ). 


(3.9) Exercise: Use Theorem (3.8) to prove the upper bound in the 
classical law of the iterated logarithm for independent, identically distri- 


buted Rl-valued random variables Xi, iv Dr ... having common distribution 


u , where fe*Yutay) <œ for all Ecml , [yu(dy) 90 , and Sy?ulay) =], 


n 
That is, show that Tim ) x, / 2n1og,1)!/? <1 almost surely. 
n? ] 


(3.10) Exercise: 


i) When p= pd, + (1-p)8, ; with a<b and p €(0,1) , show that 
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[Es log:X-8 + b-X log b-X - log(b-a) if x € (a,b) 
| b-a l-p  b-a P 


-lo if x= a 
Iy(x) = SE i 
-log(l-p if x=b 
© if x É [a,b] 


ii) When u(dx) = Xto a) (xe “dx , show that 
LI 


x - l - log x x 
I (x) 4 * g 
u eo kcu < B 
n 2 1 2 2 
iii) If u(dx) = — 4+ exp(-(x-a) /2o0^)dx , show that 
T 2,1/2 
(216^) 


I (x) = "uo 3 
H 2 
20 


1 
iv) In general, show that Is T SUO for any acR 


ay C? = 
Our next goal is to extend Cramér's theorem to Banach space valued random 

variables. The procedure we will adopt is due to R.R. Bahadur and S.L. 

Zabell. The idea is to first show that UN : n> 1) satisfies a large 


deviation principle with respect to some rate function and then identify the 


rate function. 


(3.11) Lemma: Let £f :Z'» R! u (9) be sub-additive (i.e. 


f(mtn) < f(m) + f(n) for all m,nc Z' ). If for some ng € z* » f(n) <œ 
for all n> ng ? lim £) exists. 
2 n T 
Proof: Let B = inf(f(üm ; n> no! . Given m? n » define 
€— n 


dq T [n/m] and pw [n/m]m for n>m . Then for n> 2m 


£a £(q mir.) i £((q, 71)m)*f(mntr .) 


n n n 


and so 


for all m> n 


We remark that the condition f(n) < for sufficiently large n's is 
æ if n is odd 

0 if n is even 
Let: (2,m,P) be a probability space and let (E,ll*ll) be a separable 


vital. Indeed, consider f(n) = { r 

Banach space. Given independent, identically distributed E-valued random 
n n 

variables Xj on (Q,7P) , set Xa = 1} Xp. The following 
1 


lemma is pivotal. 


(3.12) Lemma: Given a measurable convex set A in E , set 


£,(n) = -log P. € A) . Then f. is subadditive. Thus, if either f, =% 


or £, 0) <œ for sufficiently large n's , then lim L log PX € A) 
neo n 


exists. In particular, lim + log P(X, €A) exists for all open convex A's. 
neo 


n 
1 XY =m yý 4n yx?" 2l . 
Proof: Note that X atn => X a == X tn where Fain 5 X 


and therefore, since A is convex, G €A) n rn’ A) € Uu €A) . But 


PX € A,X" 
m mr 


on € A) = PX, € A)P(X. € A) , and so. P(X € A)PX, EA < 


P n € A) . This proves that EA is subadditive. In view of Lemma 


(3.11) , it remains only to prove that if A is open and convex, then either 


fa =o or fa) X for sufficiently large n's . To this end, suppose 
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that PX. € A)? 0 for som m. Then A £ ( and we can find a bounded 
closed convex set F in A such that dist(F,A°) > 0 and P. €rF)»0. 


Set B = suplx! and choose 6 > 0 so that dist (F,A°) > 26 . Next, select 


x€F 
Ny >m so that a = min PCI Xj! €«6) 50 and -®B<6 , Then, for 
144m — Po no 
n>m: 
5 zi foc 
P(X € A) > p(n X € F°)P( WAX <6) , 
n = n "S. n Ya 
where da 7 [n/m] and a a [n/m]m . Note that for n> ng » Faq, EF 
: ER r = - 
implies that aieet X ,F) <—2B < ô; and so P X € r5) > P(X 
n Pd, 7 n n Rd, -= mda 
Z q 
EF) > P. € F) " . Hence, for n > Ny 


an q 
PX EA) > oP(X, EF) ?50. B 


Given n? l1 , define Ba 7 Po gy and set p= DE For A € fs , 


set A(A) = lim L log u (A) , X(A) = Tim L log p (A) , and (A) = (A) if 
x wen n uid B n e 


ACA) = 3(A) . The following relations are obvious: 

(3.13) ACA) < 2(B) and X(A) < 3(B) if ASB. 
We also have: 

(3.14) ACA) V 2(B) < A(AUB < TCA UB) < (A) V IGB) . 


The left side of (3.14) is obvious from the first part of (3.13) . To 


prove the right side, we assume that JX(A) v I(B) < =. Given 
ni 


& > Y(A) v I(B) , we have p (AUB) < u (A) + u (B) < 2e"" for large n's. 
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Hence, Tim l log u (AUB) <2 . 
n?» n E - 
Next, note that, by Lemma 3.12, 2(A) exists for all open convex sets 


A. We now define 
Mx) = -inf{2(A) : A is open, convex and contains x} . 
Clearly, A(x) = -lim 2(B(x,6 )) . 
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(3.15) Lemma: A is lower semi-continuous and convex. 


Proof: Let c € R! be given. If A(x) > c , then there exists an 
open convex A 3x , and so &(A) < -c . Hence, -A(y) < -c for all y €A, 
and so AS {A >c}. This proves that À is l.s.c. 

To prove that is convex, note that (since A is l.s.c.) it suffices 
to prove that AGE) & M20.) + My)) . Now, let x # y be given and let 
A be an open convex neighborhood of X . Choose open convex B 5x and 

B+C " 
C> y so that am CA . Then, ua (Bu, CC) <í By (A) ; and so 
— log u, (A) > 1/2(L log u (B) + L log p (C)) . Passing to the limit as 
2n 2n - n n n n 
n * 9 , we arrive at 2(A) > 1/2(2(B) + 2(C)) > - 100) . Since this 
holds for all open convex A 2a , we now get ~ (xe) > -1/24G0€M(y) . ga 

(3.16) Theorem: If A is an open set, then (A) > -inf A(x). If A 

xcA 


is a compact set, then JX(A) < -inf A(x) . Finally, if A is the finite 
xa 


union of open convex sets, then (A) = -inf A(x) = TCA) (i.e. (A) exists 
xe 
and equals -inf A(x) .) 
xCA 
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Proof: Suppose A is open. Given x € A , choose an open convex B 5x 
so that BGA. Then -A(x) < &(B) < A(A) . Thus, (A) > -inf A(x) . 
xCA 
Next, suppose that A is compact. Given c > -inf A(x) , choose, for 


xcA 
each x € A , an open convex neighborhood B(x) so that &(B(x)) <c. 


N 
Select a finite set x sea. € A so that A c UB(x,) . Then: 
1 i k 


Tim L 1og ua (A) < Tim L log[N( max p (B(x 
no n nee n 14k«N ? 


"22 


€ max Tin L log(u, (B(x, ))) 
1<k<N n 


ACT 4 


This proves that Tim 1 p (A) < -inf A(x) for compact A . 
noo n nxeA 
Finally, suppose that A = UA, » where each Ak is open and convex. 


Then, by (3.14) and the fact that AA) = XA.) for 1<k<N, we see 


that 2(A) exists and equals max AV) . Thus, we will be done as soon 
1<k<N 
as we show that 2(A) = -inf A(x) for open convex A's . Hence, we assume 
x€A 
that A itself is open and convex. Since, &(A) > -A(x) , x €A, we 


certainly have that 2(A) > -inf A(x) . Thus, we need only check that 
xCA 
A(A) € -inf A(x) ; and, in doing so, we may and will assume that (A) > -œ . 
xCA 


Given € > 0 , choose N> 1 so that 1 log (A) > (A) - € whenever 
n 


n>N. Then (since E is a Polish space) we can find a KCCA so that 


L log u (A) - L log (K) < € . We want to show that K may be chosen to be 
cR MN E : 
convex as well as compact. To this end, cover K with a finite number L of 


open balls B,,...,B, such that By SA, 1K2<L. Set Ky 


Then Ry is compact and so, by Mazur's theorem, the closed convex hull Ry 


=K MB, . 
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L 


^ L 
of Ry is also compact. Clearly Ky c By . Thus T ={ } LIE I a = Ls 
ay A ese A a 20 ; and Xy € ko x» oui K 4 <L} SA and contains K. 


Moreover, IT is closed (in fact, compact) and convex. Thus, the closed 
convex hull K of K is both compact and contained in A . In other words, 
we may and will assume that K itself is convex. 

Now, set f(n) = -log DAS) . Then f is subadditive and 
f(N) < -(2(A)-2e)N . Hence, f(mN)/mN < -2(A) + 2€ for all m> 1 ; and so 
-X(K) = lim f(n)/n < -2(A) + 2€ . Since (K) < -inf A(x) , we have therefore 


n?o xX 
proved that: 


A(A) - 2e < R(K) € -inf A(x) < -inf Mx) . O 
xK xCA 


(3.17) Corollary: For each x EE : 
A(x) = -inf{2(H) : H is an open half-space and H 3x) . 


Proof: Set X(x) equal to the right hand side of the above equation. 
Clearly -X(x) > -M(x) , and so (x) < Mx) . To prove the opposite 
inequalty, let c < A(x) be given and set C = (y : A(y) <c} . Then, by 
(3.15) , C is closed and convex. Clearly, x É C, Thus, by the Hahn- 
Banach theorem, there is an open half-space H 3x such that HNC#=@. 
Note that for all y CH , A(y >c. Thus, by the last part of Theorem 


(3.16) , -4(H) = inf A(y) > c ; and so, Mx) > -10 >c . O 
yeH 


The importance of (3.17) is that it allows us to reduce the 
calculations of A(x) to l-dimensional computations. To see how this is 


* 
done, let E* be the dual space of E . Given x* € E* » let u“ be the 


> : : 1 * : x* 
distribution on R of x * x (x) under u. Define &° (A) , for open 


* * 
convex Ac R! » and A*(m , for ne RI , corresponding to p* . 
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* 
(3.18) Lemma: For each x CE , A(x) = sup XM (x*G0) . 
* pk 
x €E 
x* 
Proof: Let x* € E* be given. By (3.17) applied to A , we have: 


* * * 
-M* (x*(x)) = inf(2* ((x*(0-2,29)) A 2. ((-0,x*(x)+e)) : © > 0) . 


For €» 0 , define H 4,8) = (y € E : tx*(y) > £(x*(x) Y 6)) . Then 


* 
2® ((x*(x)-6,7)) = lim L log p (H, (x*,€)) = AL, (x*,€)) ; and similarly, 
noon 


* 
A* ((-0,x*(x)+e)) = 2(H*(x*,€)) . Thus 


* 
-M* (x*(x)) = inf X(H, (x*,£)) A LH (x*,6)) . 
£»0 * ~ 


But if H is any open half space containing x , then (by the Hahn-Banach 
theorem) H = H, x", e) for some x* € E* and &» 0 . Thus, by (3.17) 
applied to A, -A(x) = inf {2(H, (x*,c)) : x* € E. and €» 0) . Since 


H_(x*,e) = H,(-x*, 6) » this completes the proof. O 


(3.19) Lemma: Let be a probability measure on ru satisfying 
M(E) = feeYucay) <œ for all EE R? . Define A and I for u. Then 


AFI. 


Proof: We first show that A < I . Indeed, -A(x) = lim 2((x-e,xte)) > 
e+¥0 
-lim inf I(y) > -I(x) , where we have used Theorem (3.8) to get 
€}0 |y-x|4& 
A((x-t,x*6)) > - inf  I(y) . To prove the opposite inequality, set 
y-x|«e 
a = fyp(dy) . By the law of large numbers, 2((a-c,ate)) = O for all 


£250. Thus A(a)=0 . By Lema (3.3) , I(aà)-20. Thus ACa) = I(a) . 


Next, suppose that x >a. Then, for 0 < e < x-a : 


R((x-e,xte)) < Tin l log Ha ([x-€,°)) < -I(x-£) 
neo n 


(since by (3.8) , Tim L log Ha ({x-e,°)) < -inf I(y) and, by (3.3) , 


neo n yix-t 
I(x-e) = inf I(y)) . Hence, A(x) > Tim I(x-e) > lim I(y) > I(x) , since 
y2x-E £v0 y?x 


I is l.s.c. A similar argument applies to x € (-e5,8) . O 


(3.20) Theorem: Let p be a probability measure on the separable Banach 


space E satisfying M(x*) = fexp(x*(x))p(dx) < 9 for all x* €E* . Then, 

for all open convex ACE , xU) = lim + log u CA) exists. Moreover, if 
neo 

A69 = ~int{2, (a) : A> x such that A is open and convex} , then ay is a 


1.5.c. convex function and 


Tin 


(3.21) im L log ua (K) < -inf A (K) , K compact 
n n x€F H 

(3.22) lim l log Pa (G) > -inf A (G) , G open, 
neo n xer " 

and 


lim L log N (A) = -inf à (x) , A open and convex. 
no» n xCA H 


Finally, if I (x)= sup (x*(x) -log M (x*)) , x CE , then I=). 
V x*ck* B H 


Proof: The only statement not proved already is the final one. But this 


result is an easy consequence of (3.18) and (3.19) . (T 


(3.23) Exercise: Let E= c([0,7] ; 83) and let u be Wiener measure 


on E (i.e. imbed E in Q= CCLO, =); 82) in the obvious way and let p 


T 
be the restriction of WwW to L^ ). Show that log MO = 2f |yce)|?ae 


* 
where Y € cC[0, T]; RS) and y(t) = y((t,T]) . Next, show that 


æ» if 0) #0 or & is not absolutely continuous 


I (¢) = 
H T 2 
1/2 plee] dt otherwise. 


Finally, use the results of this section to recover Schilder's theorem (i.e. 
Theorem (1.16)), at least for closed sets F in that theorem which are 


compact. 


(3.24) Remark: Before proceeding, we point out that we need not restrict 
ourselves to separable Banach spaces E . Indeed, let E be a locally 
convex, Hausdorff topological vector space and suppose that H is a closed 
convex subset of E such that the induced topology on H admits a metric p 
having the properties that 


i) (H,p) is a complete separable metric space, 


ii) if N»2, (x h U y, H SH , and CA € (0,1) satisfy D a, = 
1, then i 
N N 
eO a Xp ) ay.) Sen p(x y 


then the preceding result continues to hold when p is a probability measure 
on (E,8,) such that (H) = 1. In order to carry out this generalization, 
one needs to handle two points. The first point is rather pedantic; namely, 
we must make sure that we can add our random variables. To handle this point, 
suppose Xpaeee sk are E-valued random variables on the complete probability 
space (Q,/],P) , and assume that P AW) =0, 1 <mn. Then, in order 
to prove that j X a is Memeasurable as an E-valued random variable, we may 
1 


and will assume that x Cw) EH , 1 mn and wE€Q . Clearly, 


o (X, (9), .. .,X (9) € H? is M-measurable into E", Gp . Also, 
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n 
(x,,...,x ) € g^ > y x €E is continuous and therefore R -measurable into 
1 n DOR H? 
E . Finally, since H is Polish, R a” (Cj . Combining these, we 
H 


n 
conclude that w> J xX (w) EE is Mmeasurable. 
1 


The second point is a little more interesting. Namely, we must learn how 
to generalize the argument used at the end of the proof of Theorem (3.16) 


The only difficulty in doing so is overcome by the following lemma. 


(3.25) Lemma: Let E and H be as in the preceding and suppose that K 
is a compact set contained in H . Then, the closed convex hull K of K is 
compact. In particular, if v is a probability measure on E supported on 
H and if A is a convex open set, then for each g> 0 there is a compact 


convex K&A_ such that v(A) - WK) <e . 


Proof: Suppose that we have proved the first part. To prove the second 
part from the first, we proceed as follows. Since A MH is Polish, and 
v(A) = vV(A NH) , given €» 0 we can find a compact K SA NH such that 
v(A) - v(K) <€ . Now, using the first part in place of Mazur's theorem, we 
can argue, in precisely the same way as we did in the proof of Theorem 
(3.16) , that K not only is compact but also is contained in A. 

To prove the first part, note that we will know that K is compact as 


Soon as we show that it is p-totally bounded. But, for give ô > 0 , there 


N 
EK such that K € UB(a,,6) (B(a,r)@{x€ H: p(x,a) < r}). 
1 


" N N 
Clearly KST z()ax : fa HN €[0,1]] , a4.» 1 , and x  €B(a,,85) for 
1 nn nl DOR n n 


exists 84558 


lens N} . At the same time, our assumptions about p tell us that 

N N 
Te {x cH: p(x, ) 4a) «8 for some {a y s [0,1] satisfying J «a -1]. 
yaa n'l 1 2 


N N 
Since {J aa: {a i € [0,1] and ja = 1}CCH, it is now clear that I, 
1 B n'l 1 2 
and therefore K , admits a finite covering by balls of radius < 26 . m 
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(3.24) Continued: Having handled these two points, there are no other 
obstacles preventing us from repeating the arguments leading to Theorem 
(3.20) for E and u which satisfy the hypotheses in (3.25) . The main 
reason for our interest in this generalization is the following. Let T bea 
Polish space and denote by I) the space of totally finite signed measures 
on T . Give M(T) the topology of weak convergence (i.e. v, 7 Y if and 
only if feav, > ffdv, fE e, CO) ). Clearly this makes M(T) into a 
locally convex, Hausdorff topological vector space. Moreover, if TO) 
denotes the space of probability measures on I , then M(T) is a closed 
convex subset of M(T) . Finally, if p is the Lévy metric on %,(T) (i.e., 
pQ,v) <e if and only if (F) < vF*) * € and v(F) < WF) +e for all 
closed F in T), then p satisfies the required conditions. Thus, we can 
take E =T) and H= Ta) 

By far the most serious deficiencies in the line of reasoning which led 
us to Theorem (3.20) are that it fails to tell us when I, is a true 
rate function (i.e. {x : IG <L} is compact, for all L > 0 ) and when 
Tim L log p (F) < -inf I (x) for all closed F (i.e. not just compact ones). 
n>% n E T x@ VU 
The next result provides us with our first step toward removing these 


deficiencies. 


(3.26) Theorem: Let E and p be as above. Assume that for each 
L > 0 there is a compact K, € E such that Iim L log ua (KE) X -L . Then 


n?o N 
for Gach L> 0, íx: A09 XL) is a compact convex set. Moreover, for 


all closed F , Iim Ł log u (F) < -inf A (F) . 
noo N s 7 xr P” 


Proof: Since we already know that Ad is l.s.c. and convex, we will 
have proved that (x : A00 XL) is compact and convex as soon as we show 


that it is contained in a compact set. But, 
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: id c 
Es AiG) < lim glog MOS Q) <l. Thus A (x) > LH for all x £K 
+1 


and so {x: A0 <u} EKo oc 


To prove the second part, set F =FQ K, . Then for all &€ ^ 0 and 
-n((2-e)Al/e) , ,-nL/2 ¢ 


c 
L>0O, pF) <u) + nu (KD £e 
2exp(-n((2-c) A 1/£€ ^ L/2)) for sufficiently large n's , where 


2 = inf à (x) < inf a0) . Hence 


xcF xeF 


Tim L tog y (F) < -((2-e) A 1/e ^ 1/2) 
noo n n E 


for all L>O and €? 0 . Clearly this leads to the desired estimate. [] 


(3.27) Corollary: Let E and uy be as (3.25) . Suppose that 


$: E > [0,°)U (2) is a 1l.s.c., convex function satisfying 


e8(x) 


(x : Ox) < L} CC E. for all L>O. If Je u(dx) < © for some €>0, 


c 

then for all L^? 0 there is a K CCE such that Tim L log y (K) < -L . 
nee n n L — 

In particular, (x: MG) € L} is compact and convex for all L ? 0 and 


Tim Ł log vaP) < -inf à (x) for all closed F. 
n> xEF 3 


Proof: We need only prove the first part. Moreover, after replacing © 
by t? , we may and will assume that £= 1. 


B(x) 


Note that [e 9 €), (ax) < (fe u(dx))" , and so: 


ua Cx : G(x) > L}) < e Mh P(X) pax)” 


$(x) 


Hence, if M= log(f e u(dx)), then 


Iml log p,( {x: @(x) > M}) < -L . 0 
me ® a 


48 


(3.28) Remark: When E = RÌ for some d>1 , the hypotheses of 


(3.27) are satisfied as soon as feel*l ica) < for some €>0O. In the 


case of Wiener measure (cf. (3.24)) , we can take 


$(Q) = jaco) | + sup 9(t)-9(s) (cf. for example, Lemma (8.7) in 
Oe T [t-s] 1/ 


We next want to show that the hypotheses of (3.27) are satisfied 
glxi 
whenever E is a separable Banach space and wu satisfies fe Eu(dx) Co 


[S., San Flour]. 


for all —E>O . 


(3.29) Lemma: Let E be a separable Banach space. Given a probability 
measure v on E satisfying fix, v(dx) X © , there exists a unique m(v) € E 
such that x*(m(v)) = fx*(x)v(dx) for all x* € E* . Moreover, if C is a 
closed convex set on which v is supported, then m(v) €C. Finally, if 


B S M(E) satisfies lim sup f Ix ly vCdx) 7 0 , then 
Rte veB Ix Ig ^R 


lim sup Í Ixl v(dx) = 0 and v >m(v) is continuous on B 
Ixi >R E 
Rte véB E 
Proof: Assume that fixil, v(dx) <œ% , Then we can find a non-decreasing 
sequence of compacts Ka SE such that f c Ix v Cx) €&1/n . For each n, 
K 
n 


we can find a finite number Na of disjoint measurable sets 


A pees CK covering K such that for each 1 <k<N there is an 
n,l n,N, n n — — 
N 
n 
Xak €E for which Ask Ss BG, o l/n) . Define y. Jr s i A 
Then, for mn: 
N N 
n m 
ly -yl <1 (x - x ,)v(A nA lI 
Yn m = RA à n,A m,k n,A m,k E 
N 


n 
+1 Lx. n 


c 
DK )I 
ga) ™ m E 


n,& 
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N 
n 


< 2/m+ f sup Wt v(A. aN K) 
4-1 A 
n, 4 
€ 4/m + f ixl v(dx) € 5/m . 
= ge E > 


m 


Hence, y, converges in E to some m(v) €E . Moreover, 


[x Go - fx* (x) vC) | 


N 
n 


« ix* yy T 


< J - xlv(dx) + Ix*i „f txt v(dx) . 
E A51 Any E K 


n 


Dod 
-0 . 


Thus, x*(m(v)) = fx*GOv(dx) , x* c E* . The uniqueness of m(v) is 
obvious. Moreover, if C is a closed convex set on which v is supported 
and if m(v) ÉC , then, by the Hahn-Banach theorem, there is an x* c E* 


anda c€ jl such that x*(m(v)) >c > sup x"(x) . But then, 
xe 


x*(m(v)) > c > f x") v(dx) = x*(m(v)) . 


Hence, m(v) must be in C. 


Finally, suppose that lim sup f Ix Wl, vCdx) 70 . Since 
Rte veB Ix IR 


- ise is 1.s.c. for each ROO , a DOR = 
ee linn o <; Hence ae sup E p =0 . Now suppose 
that wi © B and that Va? Yo + Given £2 0 , choose R>O so that 
ap J N <e . Choose p €C([0,~);[0,1]) so that p(Œ)=1, 


E<R, and e(&) = 0, E > RH . For x* €E* , define 


F (x) = p(lxl)x*(x) . Then {F re Ix*1 & & 1} is a uniformly bounded, 
x x 


equi-continuous family of functions on E into R! . Hence, 
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lim sup | JF a(x) v (dx) - JF Gov (dx) | = 00; 
me LIST x s 


and so: 


lim sup | Jx* G2 v, (dx) = Jx* (x) vy lax) | 
Wee et æl 


< Tim sup | JF a(x) v (dx) - SF 4 GO vg (dx) | 
mo LPS. x x 


+ Tim [[(-p(Clx) xil v (d 
Ta peie] 
+ [[G-pCixt)) txt, voca | < 2e 


Clearly, this proves that m(v_) > m( vo? in E . O 
Given a 1l.s.c. f: [0,9) > [0,9) y (9) satisfying lim f(E)/E = 9 and 
Ete 


an L>O0 , set 
T(f;L) = (v € Wu CE) : feCixl,)v(dx) € L} 


Since v > ff(ixl)v(dx) is 1.s.c., T(f;L) is closed. Moreover, given 
€ > 0, choose R so that f(E)/E > 1/E , EP? R . Then, 


sup | Ixl v(dx) <€ sup  /f(Iixll,)v(dx) < cL . Hence 
ve(f;L) !xlpR E T vel) 5 = 


lim sup f Ix, vCdx) = 0 . In particular, by Lemma (3.29) , 
Rte ver'(£;L) Ixll>R 


v >m(v) is continuous on I(£;L) 


(3.30) Lemma: Let v be a probability measure on Rl and set 
MC = fee*v(ax) , & eR! , and I (x) = sup(Ex-logM (E)) > X er! ‘ 
E 
Then: 
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i) if MCE) < for small H , then I(x) >œ as |x| +O; 
ii) if MO) <% for all £ er , then 1 (x)/|x| >œ as |x| >>; 


iii) for any v such that f|x| vao €», Jexp(eI G2) v(dx) <œ% for 


Proof: Suppose m (E) <œ% for je] <e . Then 


I, (tx) 2 e[x| - logM, (te) >œ as |x| * 9 . Thus i) is proved. Next, 
suppose M (E) <% for all E € jl . Given LOO, I (x) > ix - logM (L), 
x 2 0 , and so lim I (x)/x >L . Hence lim I (x)/x = +” . Similarly, 

E xo x?*o 
lim I,(x)/-x = + . Thus ii) is proved. 


x?-o 


To prove iii) , set a= fxv(dx) and let x za be given. Since 


v(x,2) < e fe ay) for all E» 0, 


-I (x) 
v([x,9)) € exp(-sup(Ex - logM (E)) =e " . Next, note 
m v 
E>0 
that (just as in the case when M(E) <% for all & ER!) : I is 


; 1 s 
non-negative, l.s.c. and convex on R H I (a) = 0 ; and I, is non- 


decreasing on [a,9) . Set b = sup{x >a: I (x) € 9) , From the 
properties of I, on [a,9) , we see that I is continuous on [a,b) , 


I, (b) = lim I, (x) if b» a , and I (x) =e on (b,o). If Ij (b) €», 


m 
eI, (x) eI (b) 
then, since v((b,9)) 2*0 , Íi ye v(dx) < e €», If I, (b) =o, 
zt eI (x) 
then b> a and v([b,9)) = O , and so if d v(dx) = 
el (x) 2: 
v({a}) + f T. v(dx) . Since I, is continuous and non-decreasing 
a, 
eI (x) EI (x) 
on (a,b), f e v(dx) = ef v(&,b))e I (dx) < 
(a b} (a,b) M = 
"(1-01 tx 
£ m i 
Jao I (dx) eu < . Thus, in any case, 
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el, (x) 
e v(dx) <% . A similar line of reasoning leads to 


eI (x) 
e v(dx) <2 . rj 
(-5,a] 


[2a,9) 


(3.31) Lemma: Let u be a probability measure on the separable Banach 
space E . Assume that fexp(éllxlh,) u (ax) >œ ,E € (0,9) . Then there is a 


1.s.c. convex function f : [0,9) > [0,9) satisfying lim f(E)/E =œ such 


tto 
that 
"E: 
lim sup L log u"(l J 5. ÆT(£;L)) = -2 . 
Lto n>] n ny žm 
Proof: Let v denote the distribution of lxil under uw. Since 


E 


e*Xy(ax) €^», Ec gl , I (y)/y >% as yt œ. Thus, if a= fixl (dx) 
r! y E 
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0 , y € [0,a] 2 : 
and f(y) = ; then f is a 1.s.c., convex function on 


I? ^ 35 €(a,9) 
[0,9) into [0,9) satisfying lim f(y)/y = ©. Moreover, if Ve is the 
y? 
distribution of f(y) under v , then Jev Cay) <% for H X1 and so 
D (y >" as y^. Finally if L> fyve(ay , then 
f 


n 
ea 5. ATCEL)) = (yg) CCL, 2) 
1 m 


(3.32) Lemma: Let p be a probability measure on the Polish space T. 


Then for each L > 0 there is a compact set e. in m (T) such that 


n 
Tim L log y" (1) 6 £c )< -L 
neo N nj *m x M 


Proof: Let œ € (0,1/2] and 0< 5 < œe satisfying € log €/ô > log 2 
be given. Choose K(6)C CT so that u(K(8)9) € 6 and set 


G(e,6) = {v EM(T) : v(K(5)°) LE} . Then 


(3.33) un (1 ne/2 
n 


tts) 


5. É G(e,6)) < (8/e) 


To see (3.33) , note that: 


n K(6)* m 
= (B, (Ce,@)) 
-nI, (£) 
85 


l^ 
o 
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where B, = P550) + (1-p5)6 (0) and pg = u(K(5)9) < 8. . Using (3.10) i), 


we have 


I, (e) = € log &/p, + (1-e)log 12E 
85 é I-ps 


lv 


€ log t/5 - (1-e)log Tr € log €/ô - 1/2 log 2 


Iv 


£/2 log e/6 , 


since x > (l-x) log ix is non-decreasing on [0,1/2] . Clearly (3.33) 
-x 


follows from this. 


We now proceed as follows. Given L > log 2 and Ey +0 with 
-22L/€ é 
€1 = 1/2 , set A = ee and choose K, CCI’ so that w(K, ) < 5) 


Set G, = {ve Mm(T) : v(Ky) Le} . Then C, = (1G, is compact in %,(T) . 


A21 
€ 
Moreover, (6,/8,) s ets 9 , and so, by (3.33) , 
n ne,/2 
iP y ôx É G) & (5,/e9) * & (e abt Hence, 
n] “mn 
n œ 
ple alc) Ci ge .. 8 
n] m Az1 


(3.34) Theorem: (Donsker & Varadhan): Let u be a probability measure 


Ellx I 

on the separable Banach space E . Assume that fe E (dx) <œ for all 
E»0. Then, for each L > 0 there is a KECE such that 

Tim L log u (RT) < -L . In particular, I, is a convex rate function and 
neo n » x 


UN : n> 1) satisfies the large deviation principle with respect to Lm . 
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Proof: Choose f as in Lemma (3.31) . Then, by Lemma (3.31) and 


(3.32) , for each L >O we can find an R, >0 anda CLEEN) such 


n 
that Iim Llog p(L} 6 £ TER) NC) <-L . Now set 
n n x L = 
n?o m 
K, = {m(v) : v € T(£;R) n eq) . Since T(£3R,) n c, cCOmMm(T) and v> m(v) 
n n 
F ; g , 1 = afl 
is continuous on T(£;R) » KCCE . Finally, Lis uo rm, and 


n 


n 
therefore: B Gp = vL } ô ) £ Kp) < cáo 5. E TCf,R]) n c) . Thus 
l "m 


x 

m 

lim L log p (KT) X -L . The rest of the theorem now follows from Theorems 

n?o n n = 

(3.20) and (3.26) . n 
Having devoted so much effort to derive a large deviations result 

associated with the law of large numbers for Banach space valued random 


variables, it seems only right to see that we have in fact proved the strong 


law of large numbers for such random variables. 


(3.35) Theorem (Ranga Rao): Let (Q,P) be a probability space and let 
E be a separable Banach space. Suppose that Kp reese aK es are independent, 
identically distributed E-valued random variables on (2,%,P) . If 


E 
BP (x t] € o , then X. > m(u) (a.s., P). 


Proof: First suppose that WX, | <M (a.s., P) for some M<% . Let 
glxi EM 
u be the distribution of Xj, . Then fe u(dx) <e? <>, E» 0 ; and 


So, by Theorem (3.34) , there is a KCCE such that PX. £ K) = pK) KS 


ce 


; n251 , for some C<@. Hence P((Em > Dmn»mXx £ ®) =0; 
and therefore there is a AY EM such that PUT) 70 and, for each w€ DD 


(X (0 : n> 1) is relatively compact. Next note that, by the strong law for 
n Z y 
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* * * — * 
Rl-valued random variables, for each x €E : x (x) >x (mQ) (a.s., P). 
* * 
Since E is separable, and therefore E is separable in the weak 


topology, we see that there is a A, EM such that PCAS) =0 and 


2 
X, (2) > m(p) weakly for all w € A, + But this means that ESO > m(u) 
strongly for all w € M n Ay 


We have now proved the theorem when IX, lg is P-almost surely bounded. 


(M) 
To handle the general case, set X4 Xto, v) CX, PX , and 


d "Xo x» for n5 1 and M €(0,9) . Given £5 0 , choose 


ME (0,2) so that guy, < «€/4 . Next, choose N so that 


n 
P( sup ij iy 02, > £€/3) < £/2 (this can be done by the strong law for 
n>N n p=) ™ E — 


uyi :m>1}) and PCouptK™ - mu), > €/3) < e/2 , where uU? 
n E - DN ? E- 

(M)^7 (4) 

1 


is the distribution of X 


. Noting that Im(p) - m(p ur ] 


P 
g LEDY 


€ £€/3 , we now have: 


P(suplIX - m(p) ll, > £) 


n>N 
z XD OD (M) 
< P(suplX - X^, > €/3) + P(supllX - mp’ )Il, > €/3) 
- n>N n n E- n>N n E- 
$ (M) 
< P(sup LJ ty lg 2.6/3) + €/2 
n>N nj RP 
EE . 


(3.36) Exercise: The proof of the strong law really requires much less 
than we have used. Indeed, show, directly from from the real-valued case, 
n 
that P(ij e > u weakly) = 1 . Next show that if EP (ix, lg] <œ , then 


n] n 
there is a l.s.c. f : [0,9) > [0,9) such that 
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n 
lim P((5m > 1)(Yn > m4 J by AT(£;L)) = 0 . Combining these, show that 
Lto n] 2 


FX E is relatively compact in E ) = 1 and conclude that x. > m(p) 
(a.s., P). 
Related to the preceding considerations is a theorem, which in the one 


dimensional case, is due to Sanov. 


(3.37) Lemma: Let I be a Polish space and a €Mj(T) . Define I0 
for veEm(T) by 


I0 = sup (ffdv - log Jefda) " 
fec, CT) 


Then I, is a convex rate function on M(T) . Moreover, 


n 
Tim L log "(Lj 8 €F) < -inf 10 
noo n ny X; VEF 


for closed sets F in m(T) and 
n 
lim L log a (LY 58 € c) > -inf I (v) 
neo n ny *g 7 ve * 


for open sets G in MT) 


Proof: Set E =M(T) , give E the weak topology, and denote by p 
the distribution of 5. under X . Since suppl) € Mm(T) , we can use 
(3.24) to conclude that Theorem (3.20) applies to u on E . Moreover, by 
Lemma (3.32) , the hypotheses of Theorem (3.26) are satisfied by u on 
E . Finally, noting that Ex e GO? (indeed, if AE E , set 
f(x) = ACS) ; x€T' ), we see from Theorem (3.20) that 


TO) = sup (ffdv - log fe! £48, (ag) = sup (ffdv - log fe*da) T 
) 


£ec, CT) f£&,(T 


(3.38) Lemma: Let everything be as in (3.37) . Then I(v) = © if 
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vEM(T) or veEM(T) but v«€a, and NOE [élogéda if v €^) 


and dv = $da 


Proof: First suppose that v f(T) . Then there is an open set U 3 v 
such that UNM (T) »  . Hence 


n 
I,() > inf I(B) > -Lim L tog à (lD] ô € v) 
peu noo n n |] 


n 
since aP(LY8 ecu)«e'(Ljye Emyo))-o 
ny * T n] “g 
Now suppose that vé%,(T) and that dv = dda . Since v(d>0) =1, 
we can choose Eo »0 so that v(o > £9) 2 1/2 . For O<e< £g » set 
dv. = Oe Su o)dv/v(> > &) . Then, by Jensen's inequality, for each 
> 


f Ec (C) and O<e<e,: 


exp(f(£ - logo)dv .) < fe i dv, 


ucl f 
sud 
Hence: 
END EN fdv - 1 fa 
po^ tts ae qo 


Cr os. logódv - 1 > 
Sasa qug im - DENT 9 


Letting € +0 , we get 


[tav - log( fefaa) < flogody 


= fologoda 


Thus, v EM(T) and dv = ¢da imply that I (v) < [tlogóda 
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It remains only to show that if OD, <œ, then v €M(T) , dv » oda, 


and Tv) > félogéda . We already know that v € (T) . Moreover, for all 
fe cr) 
(3.39) ffav - log( fefaa) £I» . 


By tightness and Lusin's theorem, for bounded measurable and any €>0, 
there is a K, CC T and an f. € e, C) such that v(K2 V «(KD <£ and 


felz = vlz - Hence (3.39) continues to hold for all bounded measurable 
€ € 


f . In particular, if A € Bp has a measure 0 , then (3.39) with 
f= nx, , Says that nv(A) < I (v) . Hence v<<a . Set 6-5 23V , If 
i —- € da 


log ¢ is bounded, then we can take f = log $ in (3.39) and thereby obtain 
fologġda = flogédv - log( foda) & 140 . To complete the proof, we must 
handle the case when log $ is not bounded. To this end, first assume that 


$»5095»0 . Then, with od log(ó An) in (3.39) , we have 


[elogéda = [logódv = lim f£. dv 


n?o 


l^ 


f 
lim logfe "da + IK 730 o. 
n> 


Finally, for 9 € [0,1] , set Vg = 0x + (1-0)v . Then, dvg = boda , where 
do = 0 + (1-0)¢ >29 ; and so, for 6 € (0,1) , féglogégda & I, (00«(1-0)v) A 
Since 0 > T (6a + (1-8)v) is a l.s.c., bounded, convex function on [0,1] , 
10) = lim T (Oa + (1-6)v) > lim Í $glogégda . But 

640 810 


Joglogdgda = Oflogégde + (1-6) fologogda ; 


9f10gógda > 01og0 50 ; 


and, since t * logt is concave, 
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(1-8) fologegda > (1-0)? fologdda > [élogóda . 


Thus, fologeda < 1,0) A ur] 


Lemmas (3.37) and (3.38) combine to yield Sanov's theorem. 


(3.40) Theorem: Let I be a Polish space and «a a probability measure 


on T . Define A (Y), vem(T) , so that A (V) = f(10g$)av if 
a 


v E mT) . satisfies v << a and AK v) = © otherwise. Then AY is a convex 
rate function on 7T) . Moreover, if u denotes the distribution of 

x> 5. under a on MT) , then UN : n> 1) satisfies the large deviation 
principle with rate function Aa . 


We finish this section with a discussion of Theorem 3.34 applied to the 


special case when u is a centered Gaussian; that is, when for every element 


* * * 
x of E the distribution of x (x) under p is Gaussian with mean 0 


In order to see that (3.14) applies to such p's , we need the following 
result due to Skorohod. 
(3.41) Theorem: Let be a centered Gaussian on the separable Banach 


Bix, 1 
space E . Then fe u(dx) < © for all EER . 


ellxll 
Proof: First, suppose that fe u(dx) < © for some € > 0. Given 
n 
n2 l , note that the distribution of D y Xa under Ta coincides with 

1 
n 
the distribution of x under u . Thus: 

nett 1/2 n ü 
fe u(dx) = fexp(n D " x, lg i (ax, .. dx) 
n 


£lix liy 
< (fe ud)" «eo . 
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ellxll 
In other words, it suffices to prove that fe Eu(dx) <% for some €> 0. 


In order to complete the proof, we first need an elementary fact about 
Brownian motion. Namely, given a d-dimension Brownian motion (B(t),%, ,P) 


on (Q2,%,P) starting at O and a continuous semi-norm lel on Ro; 


(3.42) P( sup lB(t)! > R) < 2P(IB(T)Il > R) 
O<t<T ~ 
and 
(3.43) P( sup lB(t)! > nR) < P( sup IB(t)I > R) ,n>1 , 
O<t<T ~~ OT g 


for all T>0 and R>0 . To prove (3.42) , let 
T= inf{t > 0: IB(t)I >R} . Set C= (n ER: Ini < R} and make a 
measurable selection of m € oC, > Mn) er? so that |2(n)| = ] and 


C, S (E € Ro ; (2(n), E-n) d < 0} for all nmn € dC, . Then: 
Rin 
P(IgCT) | > R) > P(CBCT)-BCT),ACBCT))) 4 > 0, 95€ D). . 
R 


By the strong Markov property (cf. Theorem (1.24) ) 


P((B(T)-B(t), &(B(t))) a? 0 F) = P((B(T-1),42(BC 000) a? 0 on {t<T}. 
R R 


d 
But P((B(t), 2) d > 0) = 1/2 for any t >O and 2 cR MO]. Thus, 
R 
PCIB(T)I > R) > 1/2 P(t < D 


Since P(IB(T)I = R) > P(t = T) , PCIB(T)I > R) > 1/2 P(t € T ) ; and this 
proves (3.42) . To prove (3.43) , set = inf(t > O : IB(t)I > nR} , 
n> 1l. Then 


P( sup IB(t)I > (n*1)R) 
O<t<T 
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< PC sup MB(t)-B(t 21! >R,t <T) . 
EAT Be 4 


By the strong Markov property, on o € e) 


P( sup Ilf(t)-B(x )I > RIF_ ) 
T <t<T ao m Ta 
nts] 


= P( sup Ig(t)l > R) 
O<t<T-t x 


JA 


P( sup IB(t)I > R) . 
O<t<T 


Thus 


P( sup !B(t) > (n+1)R) 


O<t<T 
< PC sup IB(t)I > R)P(t_ < T) 
T O€téT 2 
< PC sup IB(t)I > R)PC sup lg(t)! > nR) . 


O<t<T O<t<T 
Clearly (3.43) follows from this. 
* * 
We can now proceed as follows. Given any finite set Geox) 


* 
contained in the closed unit ball of E ; let A denote the covariance of 


* * . : THES * 
(x, G0, . ++ xy 00) under p (i.e. A= ((E [x G2x,G0 D ici, seg and set 
y = AU? . If (BCE) F ,P) is a d-dimensional Brownian motion starting at 


* * 
O , then the distribution of (x) G0, x 400) under u coincides with the 


distribution of )(8(1)) under P . Hence if Int, = max BOA ,n€ RÍ, 
Š i 
1<i<d 
then for any R>O and n>1l: 


u({x : max |Xieo| > nR)) 
14i 


< PC sup IIB(t)ll, > nR) 
O«t«1 
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l^ 


P( sup !B(t)I, > R)" 
O<t<1 


JA 


(2PCIBCL) M, > RD)” 


Qalx : sup [x; G0 | > RD)" 
14i«d 


[A 


Qu: txt, > R3)? 


* 
In other words, for any finite subset F of the closed unit ball in E , 


w({x : max |x" (x) | > nR) 
* 
x €F 


< GuC : Mal, > RH)” 


for all n>1 and R>O . But E is separable and so we can conclude 
that u(íx : Ixl > oR} 2" (uC {x : Wx > RI)? for all n> 1 and R>O 


Since p({x : Ix, >R}) +0 as R^», it follows immediately that 


ellxll 


E" [e E) <% for some €>0 . O 


As a consequence of Theorem (3.41) and (3.34) , we see that if p is 
a centered Gaussian measure on a separable Banach space E , then Ia is a 
rate function and Tha : n> 1} satisfies the large deviation principle with 
respect to Iu . We now want to find a more tractible expression for I, 
when p is a centered Gaussian. In order to do so, we need to discuss some 
elementary facts about the structure of Gaussian measures on a Banach space. 


* * 
Let E be a separable Banach space and p: E XE > jd a continuous, 


bilinear, symmetric, non-negative map. The triple (H,S,E) is said to be 
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p-related if H is a Hilbert space and S : H >E is a continuous, linear 


*ok * 
injection such that IS (x n = p(x ,x ) 


(3.44) Lemma: Suppose that (H,S,E) is p-related. Then 


sup (x* (x) - 1/2 ox ax) <œ implies that x € S(H) . Moreover, if 
KU 
* *o* 
h €H , then sup (x (S(h)) - 1/2 p(x ,x )) = 1/2Ihl 


*o* 
x & 


2 
H . 


ok 

Proof: We first note that S (E) is dense in H . Indeed, if 

E F * k, k * * 
n ls) » then x (S(h)) = (h,S (x Pg 20 for all x €E ; and so 
S(h) 0 . Since S is injective, this means that h=0 . 

* *ok 
Next, suppose that C = sup (x (x) - 1/2 p(x ,x )) <% . Since 
*o* 
*o* k k ns * * 

p(x ,x ) = IS (x n , this means that x (x) - 1/2IIS (x yi <C for all 


* * *, k * 
x €E . In particular, if S (x )=0 , then px (x) | £C for all 


1 * : j * oe 1 
A ER , and so x (x) *0 . This means that we can define A: S (E ) * R 
*ox* * ko k 
by A(S (x )) = x (x) . Clearly A is linear. Moreover, [Acs (x ))] < 
*, k * k x 
C + 1/218 (x n <C+ 1/2 for x satisfying IS (x diy <1. Thus, A 


* k 

is bounded. Since S (E ) is dense in H , there is a unique h €H such 
* * * * * 

that (h,S (x Da =x (x), x EE . In other words, x = S(h) . 


To complete the proof, note that 


sup (x ( 8(h)) - 1/2 p(x  ,x 5) 


(,S G^), - 1/218 G3 )12) 


i) 
a 
& 

"d 


sup((h,g)y - 1/21gI2) , 
gcH 
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* 
where we have used the density of S (E ) in H to get the last equality. 


Finally: 
(h,g), - 1/2lgI? < Ihi igi, - 1/21g1? 
By Ho Hee H 
= -1/2(ligh, - thi)? + 1/2012 
H H H 
< 1/2112 : 
and equality holds if g=h . O 


(3.45) Theorem: Let E be a separable Banach space and let wp bea 
. ! *ox* * * 
centered Gaussian measure on E . Define eux sy ) = fx GOy GOu(dx) for 
k k * 
(x ,y ) EE XE . Then Pa is a continuous, bilinear, symmetric, non- 
negative map. Next, let 2m be the closure in 05) of the subspace 


(x (e) : a € E^) ; and, for h € B , define sh) = fxh(x)u(dx) . (Note 


1/2 1/2 


that flig [nGO |ucexo. < CixiduCax)) C [nGo | utax) <œ and therefore 


[xhGOu(dx) = f[xh* GOu(dx) - fxh (x) p(dx) exists.) Then, (E,S Hi) is 
Py related. Finally, let H be any Hilbert space and S : H * E any 


continuous linear map such that (E,S,H) is Pp related. Then 


1.,2 


1, (x) = 1/2157 xl, for x € S(H) and 1,60 =o for x €E\S(H). In 


particular, S is compact. 


Proof: To see that (£,8, 4H) is Py related, first note that 


* * * * * 
*) =x (°) for x €E . Indeed, for y €E , 


* 
S, 
G'C),S;G yg = x" xy plax) = fx Goy  GOu( = G'CO X CU. 

* ng * X. og 
Since (y (°): y EE} is dense in H  , this proves that 8 (x )=x (+). 
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* * * * * * 
In particular, Ws x n = dx ceu = Sfx Gx) |? (ax) = p(x X ) . Also, 
m p 
* * * 
if hC€H and 8.59 20 ,then for all x EE :0- x68 D = 

* * * * * * 

(h,S (x D, = (h,x CD) . Since (x (*) :x €E} is dense in H, , 

u UN Ba u 
this proves that 8, (0 7-0 implies h=0 . Thus m is injective. Since 
IS, (h) a, = Wfxh(x) wax), € CSsct waxed) c f|nGo ^ut)? - 

(adu)! 72 at, , we have now proved that (ŒS 4H) is p,7related. 


Now suppose that (E,S,H) is any pp related triple. Noting that 

* *ok 

* x xk 

fe* tax) = el/2e (x x0) , we see that 1,00 = sup (x (x)-1/2 e, ,x)). 
*oo* 
x & 

Thus, by Lemma (3.44) , 1G) = 21s lxi? if x €S(H) and noo =o if 

x € E\S(H) . In particular, (S(b) : Ih, <1} = (x € S(B) : IS “te ts 1) 


{x : I Gx) € 1/2) is compact. Thus, S is compact. O 


(3.46) Exercise: 
i) Let E= c([0,7] sR?) and let u denote Wiener measure on E (cf. 
(3.23) D. Let H= (Q € E: 4(0 - 0 and d cr?([0,7); RD) with the 


Hilbert norm Wt = [E] . If S:H^?E is the inclusion map, 


17([0,7];R°) 
show that (E,S,H) is py7related and thereby give a second derivation of the 
result in (3.23) . 


ii) Let (BCE), F ,P) be a l-dimensional Brownian motion starting at 0 


and define x(*) as the solution to the integral equation 
t 
(3.47) X(t) = p(t) - R 7 Bue sd 


Set E = c({0,1];R!) and let y on E be the measure P ° xc! . Show 


1,1 
that u is a centered Gaussian and that pCa, B) = JJ e (osa Ci) Bat) for 


* m z 
a,B€ E  , where k (s,t) = (e [s-t] -e (stt)) 75 . Finally, let 
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H= 12([0,11;2b with wey Solel 5 j, and define S: H*E by 
L'CI0,1];R ) 


SC(£)(t) = [re C7? Gas , O<t<1. Show that (E,S,H) is p,-related, 
and deduce that I (4) = i IN Zit if (0) = 0 and @ is 
absolutely continuous and that IO =œ otherwise. 

We have twice seen how to prove Schilder's theorem as a consequence of 
our general theory. However, there is still one flaw in our derivations from 
the general theory, namely, our limits are along €= l/n as n>% . The 


next result removes this flaw. 


(3.48) Theorem: Let pu be a centered Gaussian measure on the separable 


Banach space E . Then for any closed F ; 


T7 . 
Tim ep(L—L. F) < inf I (x) , 
e+0 1/2 Tea " 


and for any open G : 


lim eu(à—L. G) > -inf I (x) . 
eo  Q,U2 7 xe V" 


Proof: First note that for any n 21 A x/nl/2 is distributed under p 


according to p . Thus, if O0 <€< 1 and n(e) > l is chosen so that 


n 
cubi eres cc , then el/2, is distributed under u the same way as 
n(e)+1 7 n(e) 


ye)! /2y 


is under Ma(e) ? where y(e) = n(e)e c [1-,1] . Thus, if F is 


a closed set and Feb enuLI d and x €F} , then 


u(—L. F) 


sus sula m ge s ALP) 
2 n(e) «o2 n(&) 


for 0 <€< 1/2 ; and so 
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Tim elogp(—l_ F) < Tim y Ce. logun (e) G) 


) 
e+0 I? ET) n(e) 


<- inf I (x) . 
xem P 


At the same time, we see from Theorem (3.45) that 


(3.49) 1 Ox) = SENS , AE RÌ and x EE . 
Thus 
inf I (x)= inf inf I (—X.) = inf inf LI (x) 
x€F 1/2<y<1 x€ "1/2 1/2<y<1 xer Y 
= inf I (x) . 
x€F 
To complete the proof, let G be an open set and x €G . Choose an 
open neighborhood U of x and an EQ > 0 so that Uc 1/y(e)!/? G for all 
o<e< Eo ` Then 
lim € log p(—t_G) = lim y(e)Ltog p (1-6) 
Tio 4/2 TO nce) n(e) «o? 
> lim log u (u) > -1 (x) . g 
"UE ne) nen EE 


(3.50 Corollary (Donsker-Varadhan): Let u and E be as in Theorem 


(3.45) . Set a= inf(ü (x) : Ixi, = 1) . Then a c (0,7] and a = PS 


* x * 
where b = sup{p (x x): Ix i, = 1) . Moreover, 


lim =} log u((x : Ix, > RÐ 5-a 
Rte R 
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2 
Elx ll, 
In particular, fe u(dx) <% for all E € (-*,a) . 


Proof: We first show that lim —L log p({x : axle > RD = -a . To this 
Rto RZ 
end, set B= (x: Ixlly < 1} . Then 


Tim  1og u((x : Ixll, > RD 
Rte RZ 


= lim £ log u( H B°) 
e+0 1/2 


< -inf ES) 5 
x€B^ 


By (3.49) 


inf I6 = inf inf Mi) = inf I(x) =a . 
x€B° M21 Ix ll, 21 Ix lp zl 


At the same time: 


lim —L log u((x : Ixl, > R}) 
Rto RZ 


> Tim € log u(—tB)°) 
ev0 1/2 


> -inf inf AI GO -a . 


M1 lxil K 
* 
x * * 
We must show that a= z . To this end, let p ; X CEE , denote 


* 
the distribution of x (x) under u . By Lemma (3.18) , 


70 


1 (x) = sup I VG G) ; and, by iii) of (3.10) , I VG G0) 


*o* 
x €E u* y* 
* 2 * 2 * 2 * 
=x G0)  . Thus, I (x)= sup (x G0) = sup[ (x GO). ix t, = 1) 
* k u *ox* * k * * E 
2p (x ,x ) x cg 2p, (x ,x ) 2p (x ,x ) 
m u u 
* * 
> sup[ — l1—— : Ix t= 1 and x (x) = 1] lA for all xl = 1 ; and so 
2p, (x x) 
: i . * * , * 
a 2d - To prove the opposite inequality, let x EE with lx l| ,-71 
E 


be given. By the first part of this theorem and iii) of (3.10) 


— ll = - inf I 
L— I Pd T ae 
2p, (x x) p | |> y 
* 
= lim 1 log p* (LE le] > R}) 
Rte g 
€ lim AL log u((x : ixl, > R}) = -a . 
T Rte p2 E= 
Thus -L> a 
2b 7 
We now have shown that a= i . Since b < [ixi aax) <œ , it follows 
that a>0 . o 


It should not be surprising that everything is particularly elegant when 
E is a Hilbert space. The next result summarizes what can be said is this 


situation. 


(3.51) Theorem: Let u be a centered Gaussian on the separable Hilbert 
space E . Then there is a unique non-negative definite self-adjoint, trace 


class operator Ry :E-E satisfying P Gy? = CRW for x,y EE . 


yi/2 


Define H = (ker(R )) and set S = (R Then (E,H,S) is 


is defined on al? g) so that 


-related. I ticul i£ R 
Py relate n particular, i ^ it 
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x72) is the unique y EH satisfying x = x1/2y , then Tx) = 
vane GON if oxeng) and 1x) 2 if gR PO 


Proof: Clearly there is a unique linear operator Ry : E> E defined by 
(YR 9) g = eu Gr for all x,y € E . Moreover, R, is obviously symmetric 
and non-negative. Also, if (e! is an ortho-normal basis in E , then 
m = 2 = 2 ; 
Me Reg lo, eie, = f J (esx) pH (dx) fixie w(dx) <% , Thus Ry is 
trace class. 


1/2 


Next, note that if x €H and S(x) =0 , then R(x) =R e S(x) = 0 
* 
and so x * 0 . Hence S is injective. Moreover, S = x12 and so 
* 2 1/2 2 " 
; - | E E " ‘ae’ . 
LES (x) he R, (x) lg (Re pu (x2 Hence (E,S,H) is eu related; 


-1/2 


and so 1) = 1/215! (x) 12 = 1/218. (x) 12 for x € S(H) = MCI and 


I(x) = fo xf ce) 5. 


Although in infinite dimensions the natural space on which a Gaussian 
measure lives is seldom a Hilbert space, it is often the case that the one can 
imbed the original space in a Hilbert space. The next simple lemma allows us 


to take advantage of such situations. 


(3.52) Lemma: Let Ei and E, be separable Banach spaces and let nu 


2 
be a probability measure on Ej and $: Ei > E, a continuous linear 

injection. Set p, = p, ° g! . Then I =I «o, 
2 1 u 
1 2 

$ x REN " K, Oe P " * 
Proof: Since ©& is an injection, ©& (E,) is dense in E, . Hence 
* * 
I (x) = sup (x (x) - log M, (x )) 
PI gi 


*oo* 
x n 
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= sup ((9 (y ))(x) - log mM, (a(y"))) 
1 


= sup (y*(8(x)) - log M (y*)) = I, ° Gx). 
2 2 


Now let K be a compact metric space and suppose u is a centered 
Gaussian measure on c(K;R!) . Thinking of c(K3R!) with the uniform norm, 


c(K;r!) becomes a separable Banach space. For £§&,n €K , set e, C5, m = 


J x(&)x(n)p(dx) . Then Pu € C(K x K;Rb) . In fact 
e, (n9) = e, Gy n| < [eG np - 0, np 
* [o En) A eG, | 3 
and so, since P is symmetric, we need only check that 


lim sup|p (£;,,D - p (£,,| =0 . 
EN is Kem] 


But 
sup |o, 6, - e, m| < sup! [z(E) - x&||xc» |uteo 


< xe.) - xpi "ix? 1/2 


C(K;R ) 


u(dx)) 
Thus it suffices to check that 


lim f|x(E)) - xC) ^u(dx) = 0 
MS 
However, x(£,) > x(E,) as E, > E, for each x € c(K; Rl) and 
2 1 2 1 


J sup |E) - x(E,) 2 (dx) < 2fixi? 1 u(dx) < ©. Thus, we are done. 
E2€K C(K;R ) 
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We next note that if a,B € c(K;r!)* , then 
(3.53) ey GP) [f p Em aam. 


In particular, let Aà be a probability measure on K such that A(U) > 0 
for all open U#@ . Let 6$: c(K;R!) > 120) be the natural imbedding 
and note that 4C is continuous and injective. Denote by / the measure 


pe al on wo) . From (3.53) , it is clear that 


(3.54) Ryf(E) = Jo EDEMA , £ ELOA) s 
We can now prove the following. 


(3.55) Theorem: If e, G, m = fx(E)x(mu(dx) , E,m EK , then 


Pu € c(K x x;nl) and 


(3.56) lim —L log u((x : Ixl > R}) =- l 
2 R?) 7 2b 
Rt g C(K;R ) 
where b = sup ey. E) . Moreover, if A is a probabality measure on K 
ECK 


which charges non-empty open sets and RU is defined by (3.54), then RY is a 
n u 


self-adjoint, trace class, non-negative operator on Lo) and RAf € c(x; nb 


for all f€ 120) . Finally, if gp 2 is defined for f € jl a2o» so 
p 
that p 1/2; is the element g of Ree F^ such that ri/2, = f , then 
u 
NOR 2i Pn? for x c w/2G,2 OG ncG;Rb and 160 = 


L (A) 
otherwise. 


Proof: Everything except (3.56) follows immediately from our preceding 


discussion. To prove (3.56) , note that by Schwartz's inequality 
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2 
| Em" Xe Do Qm. 


* 
Thus, if a € c(x;nl) has total variation 1 , then 


p, (a, 0 ff p, C5, n)a(dé) adn) 


l^ 


f eG, D|a]an <b. 


On the other hand, if E, EK is chosen so that p (E, ,E.) = sup p (E,E) and 
0 p70? 70 ek " 


if a = c , then PCa 9? 7b . Thus, (3.56) follows from (3.50) .[j 


In order to be honest, it must be admitted that there is 


a far simpler proof that if u is a centered Gaussian on a Banach space E, 


elx " 
then there is an € > 0 such that fe u(dx) <% . The following 


argument is a beautiful discovery due to Fernique. 


(3.57) Theorem: Let E be a separable Banach space and suppose that y 


: P . . X +x X4-X . 
is a probability measure on E with the property that (1—2 , 22) is 


21/2 21/2 
is distributed under p2 in the same way as (x) x) . Then, there is'an 
elx? 
€ > 0 such that fe u(dx) <% . In particular, if p is a centered 


Gaussian, then the conclusion holds. 


Proof: If u is a centered Gaussian, then an elementary covariance 


+x 


xj*X5 x, +x ; A ? 2. 
argument shows that (Lz ; ald) has the same distribution under u“ as 


21/2 21/2 
does (x, x.) - Thus we need only prove the first statement. 


Now, let O<s<t be given. Then 


2 2 
u (LG x € EO: xl Cs , Ix ll > tH 


i u^ (Ga 4x5) € E? ; ix, - EY 21/2, 1/24) 


1 " Ix, + xl > 2 
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oy 7 1/2 1/2 
<u C(x, x EE : [ix tla, g] < 2 s , ix lg + Ix,» 2 t)) 
Cutis ele EŻ : Ix i A ixi, EE) 

- 1"2 5 1E 2 ASTE * 
and so 
uCix : txt, < sDu(ix : Ix ll. > th) 
€ Qi: Ixi, > -2s5)9? , 
= E = 1/2 
: = ^ 1/2 
Taking ty = s and ta+l =s +2 ta , we see that 
uC(x : tel > t )/uC(x : Ix € sh) < 
(u({x : Ixl, > t, )/ vC : lat, € s)? . 
({x: lix ll 58) ) 
Hence: u((x : Ix, >t }) € u(x : Ix s}Jexp(2 log RS for 


(tx: Ix ll <s}) 


for any 0<s<t and n>O . In particular, if s is chosen so that 
u({x : Ix, > s)/u(ix : xt, <s})=p<1 , then: 


1/2)n41_ 


n 
p({x : txt, >& l s) ee g 


, where o = log p «0 . From this, 
1/2 

2 -1 
the desired result is clear. O 


4. Large Deviation Principle for Diffusions: 


In exercise (3.46) ii) we had an example of a diffusion, besides 
Brownian motion, for which we can derive a large deviations principle. Of 


course, our derivation in (3.46) ii) rested on the observation that if 
t 
x(t) = B(t) - J X(s)ds > t>0, 


where B(*) is a Brownian motion starting at 0 , then X(*) is a centered 
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Gaussian process. A second approach (and an approach which has a chance of 
generalizing to non-Gaussian diffusions) to obtaining a large deviations 
principle for X(*) is the following. Define F: c([0,«) ; 8L) > c({0,~) sR!) 


so that 
t 
(F(4))(t) = b(t) - JP sas oo RODE 


Clearly, for each T>O , F determines a continuous injective surjection 


from c({0,T];R!) onto c([0,T];R!) . Moreover, if x,C) = el /2x( 4) , then 


XC) = r(el/2g(.)) . Hence, if p denotes the distribution of X(*) [0,7]? 
> 


then for any closed CS cC[o,] ; ab) 


Tim £ log u( LLL. c) = Tim e log p(el 2g.) € r() 


eto 1/2 e+0 


< -inf(I 7) : Kp) EC} , 
~ w 


I, is the rate function for Wiener measure i on c({0,T];R*) . Because 
F is l-l and onto, we see that 
inf{I (4) : F(4) € C) 

we 


1 


= inf{I T F (H): pE. 
Ib 


Finally, (d is absolutely continuous if and only if F(4) is; 4(0) =0 if 
and only if (F(4))(0) does; and, if (€ [0,T] is absolutely continuous, then 


$-GQD' + FG). Therefore, if 


Ti. 2 ; ; 
2f. [bee +o(t) dt if (0) =0 and @ [0,7] is absolutely 
I () = cont inuous 
m 


© otherwise, 
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then 


Tim £ log u( LL. c) < -inf I (4) 
e+0 Q2 T ae o" 


Exactly the same reasoning leads to 


lim € log p(—L G) > -inf I (4) 
p QV? T ee V" 


for open sets G 


To see that the above line of reasoning is not limited to Gaussian 


situations, let b : Rl > R! be any function satisfying  |b(y)-b(x) 


< c|x-y] . , X,y€ R! » for some C<% . For =>0 , define XC) by 


x,G) = e") + fbads , e20. 


Then, by precisely the same argument as we just used: 


lim € log P(X C*) 


€ C) < -inf J(9) 
c40 | to;mi - 


vec 


for closed C in c({0,7];R) and 


me log P(X.(*)| 19 9] € © > -inf J() 


Lim 
e+0 vEG 


for open G in c({0,T];R!) , where 


Ts 2 ; 
1/2 f $e )-b(o(e))| dt if (0) =0 and & 


J(9) = cont inuous 


[0,7] is absolutely 


© otherwise. 


We now want to apply the preceding line of reasoning to more general 


situations. To be precise, we suppose that we are given: 
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d ` $m 
i) c: R >R BR? and b: RoR? satisfying 


lo(y)-o(x) I p, VIb(y)-b(y)I P € c|y-x| 
H.S.(R ;R ) R 
for all x,y € RP and some C <œ ; 
(CTS D PEO 2 : 
ii) if a7 oc  , then there is an «> 0 such that a(x) > al D for 
R 
all x € R? 
iii) there is an M <% such that lo(x)! dc V [560 | D &M for 
R.S.(R 3R ) R 
all xc p> " 


Let (BCE), FoP) be a d-dimensional Brownian motion starting at 0 and for 


xE RÜ and e> 0 » denote by X°(*,x) the unique solution to 
T T 
(4.2) xm = x + e! [s CEB) + J G5 (tx) at , TO ; 


and use LH on c([0,2); 8D) to denote P ° x5 Ces (the distribution of 


X^ Cx) under P ). Clearly P. 26 as € «O0 , where 


% 
T H H 

$9 CD =x+ J b Ci EDA ; T>O . In order to prove a large deviation 

result, we would like to think of X°(*,x) as continuous function F of 


el /2g (4) and proceed as in the preceding paragraph (where we had a(*) =I). 


Namely, we define F by: 
T . T 
"F(9)UT) = x + J Se Ge) He at * JPEE," T>O ; 


and, just as before, we predict that the rate function p 


b £ 
T for {Py : e>0} 


on c({0,T];R>) is given by 
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T . - . 
V2], G7), (CEI) (2-5 (9())) pdt 


(4.3) 1272) = if (0) =x and € is absolutely continuous, 
, 


[0,7] 
© otherwise. 

Unfortunately, we cannot "proceed as in the preceding paragraph" because the 

function F which we want to use is not continuous (or even well-defined, for 

that matter). Thus, we must find an appropriate mollification procedure in 


order to get around this technical difficulty. 


Given £ ? 0 and n> , define XE Ctux) to be the solution to: 
T 
(4.4) XÉT,x) = x + e! f a(xe( Int }/n, x) )aB(t) 


T € 
+ fo(x’(t,x)dt , TOO. 
o n = 


1/2 


Then X*(*,x) = P (e BC) , where F : c([0,2);RD) > c([0,9);8D) is 


given by: 
F($)(0) = x 
and, for k> 0 : 
POCE) = F C (/N) + OCF (4) (k/n) CéCE)- 0/0) 
+ fr. pP Ep C) Coda , kin Ct cH 


Note that for each T»0, Fa is a continuous injective surjection from 


QD = {p €c([0,7];R)) : q(0) = 0} onto Q(T) {o Ec([0,T];RP): 4(0) = x}. 
Hence, for each fixed n> 1 and T>O, {pe (xX5(*,x) yl : €» 0) 
á n [0,T] 


satisifies the large deviation principle with respect to: 
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T. - ° 
1/2 ÉE) a GE 1/8) C6(e)-8(9(6)))) pdt 


(4.5) 1j(9) = if $(0) =x and & [0,7] is absolutely continuous, 
, 


æ otherwise. 


(4.6) Lemma: For each n> , i is a rate function (i.e. 


(oc cC[0,T) ; 8D) : C XL) is compact for each L > 0 ). Also, Do is 
3 
a rate function. Finally, for each closed set CS c([0,7] ; RD), 
inf IR(H) > inf 12e) as n*9 , 
qec qec : 
Proof: A proof that t and I are rate functions can be 
3, 
constructed along precisely the same lines as the proof of Lemma (1.8). 
Moreover, it is clear that for any  € cCEo,T] ; aD) 5 12°°(q) =o if and 
only if 1) 7 for all n? 1 . Thus, in proving that inf I. n) > 
vec 
inf 1j) , we will assume that inf p Pow) <% , But then (cf. Remark 
C LI be x,T 
(2.12) ) there is a (d, €C such that I aboy ) » inf 1254) , and clearly 
0 x,T 0 x,T 
ve 
Tim inf rw) < < Tim I Xy = 155540) . To complete the proof, note that if 
n?o (ecc n>% d A 
K - (9€ c([0,7]1;RD) : 4(0) =x and f RESIEES < L} , then 
sup [roo - ri) *0 . Since lim inf ES < inf D O9 <% , we can 
YER, $ n?o p& oe x,T 
choose L <% so that inf CO = inf i) , n> , and 
Es «eme * 
inf 1290 (4) = inf aS MO . Thus, choosing o. ECN K, so that 
vec ^7 ane 


IP(9 ) = inf I. NCY) and taking a subsequence {p ,) of (d$ ) so that 
x''n "m n n 
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' 
IT (q ,) > lim I'(à ) and (4 1*9 (in cC[0,7] ; RD) ), we conclude that: 
x n Do x n n 


. a,b a,b H a,b 
Ds Lerh £ Top) S lim ira 
= lim I" (6) = lim inf IP( . o 
Pure 3o x n To be x 


In order to complete the program, we must show that the 
x (+,%) > X*(5,x) sufficiently fast that large deviation results for the 


XEC*,x)'s can be transferred to X°(*,x) . 


(4.7) Lemma: Let (A(t), F P) be a d-dimensional Brownian motion and 
suppose that aCe) and y(*) are %, -progressively measurable with values 
in RP 8 Ro and RP » respectively. Assume that laC*)ll 6. SAC» and 
Ive» 


for T5 0 and R>O satisfying D 


T T 
<£B<@ , and set E(T) = f (EB) * Jret ; T>O0 . Then, 
l/2gy < R 


/ 


P( sup [E(t)| > R) < 2D exp(-(R-D/7pr)*/2A7DT) . 


O<t<T 
Proof: The proof is similar to that of Lemma (1.11) . Namely, set 


t 
E(t) = E(t) - J soda . Then , exp(9*E(t) - 1/2f°|a'(s)8|"ds) 
D-1 


is a martingale for all Oc R? . Hence, for fixed @€ S and all 
A0: 


P( sup 6*E(t) > R) < PC sup 0*E(t) > R-BT) 
O<t<T o<t<t 


2 t 
< PC sup AOE) -A J |a" (e)ej7as) > ABT) - MA? n 
o<e<r 20 7 
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2,2 
~A(R-BT) +4 AT 
Z 2 

e 


Taking A = RI , we see that 


P( sup O*E(t) > R) < exp(-(R-BT) 7/2477) 2 
O<t<T 


The rest of the proof is precisely like that of (1.11) . 
o 


(4.8) Lemma: For each x € RP > T>O, and ô>0: 


lim lim & log P( sup x*(t,x) - xX (t,x) > 5) = -> . 
n?e e0 O<t<T 


Proof: For convenience, we write Xf(*) and XC) for x*Cex) and 


Xr Cx) , respectively. Set HC) = x&(0) - xe) . Then: 
T 
Y = e^ [caa o) - e(X£[nt]/n))dB(t) 


T 
+ RGS KOR - bt ))dt , TIO . 


For p > 0 , define 


23 . dye Be 
aor = inf{t 20: x(t) X. C[nt]/n) >p} , 
€ _ vf £ 
Yup? = Yalt A Tap >s t>0, 


and 
€ . [3 

= > : . 
Cap 7 inf{t > 0 Is o (| 26) 


Then 
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€ £ £ 
(4.9) ots a o Res PERS 60 


First, note that 


é [nT] A : 
Prp DL l PC sup X(t) - X(k/2| > 9) 5 
Í O — k/n«tcktl 
n 


1/ 


and, by (4.7) , for n? 1 satisfying ip 2M € p/2 , 
n 


PC sup —|X°(t) - Xt(k/n)| > o) 
k/n&t «kt 
n 


< 2D exp(-n(o/2)?/2pw? c) 
Hence 


(4.10) lim Tim & log P(t <T) =- , p>0 . 
m» ep0 dd 
" = 2 24 
Now let 0< p< be fixed and for à> 1 : set 4, (y) = (p^ + ly| ar 


Rp. By Itó's formula: 
MES 


€ EATS o 
e, Qt oC? i A xs (eae 


is a martingale, where: 


Py ly*(e) (b(x*(e)) -= b(XÉQO) 


XX) = 2n(p2 + RGI 
A 2ACA-1)e| COCKE) )~oCKE (mt ]/n))) v9) |? ce? + [co p»? 


+ Rello(R(e))-oCKE (Ime 1/8) I g C^ + [voco 3T 


84 


€ 2 € ; 
For O<t< od Inc < C(A(1* 6) X e) >, (Y(t) where C < is 


independent of t,n, and A. Taking à= 1/e and setting a oft) = 
3 


2 E€ € 2 \l/e P 
E[(p^ + Yap tap? ) / ] , we obtain 
€ 2/e tie 
B pit) <p" + 3C/e MO > t>0 , 
so long as 0 <€< 1 . Hence 
€ 2/e 3Ct/e 
Sp) <p” e 
But 
2 2,1/€,, pe € 
+ 6) P «T«96 T 
(p ps ES up ; 
and so 
€ o? ,l/e 3CT/e 
PCC Sm EE 5) e 
>P EN 
fo O<e<¢1 . Thus 
—-— £ 2 
lim € log Peep < T) < log fo + 3CT 
e+0 +ô 2 
Finally, given L > 0 , choose 0 < p < 1 so that log e + 3CT < -2L . 
ps 
Next, using (4.10) , choose N so that lim € log Be z < T) < -2L for 
e+0 ? 
n>N . Then, for n>N there is an 0 < A < 1 so that 
PË < T) < ee and PEE ò ST) < ae 
3 


ee for O<ese ; and so, by 


(4.9) 


P( sup [v5 > ô) < 2, /* 


O<t<T 
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for 0 <e€<€ . Thus, lim € log P( sup [vae] > ô) <-L for n>N. 
3 e40 O«t«T 
(4.11) Lemma: For each T5 0 and x € RP, {P e € > 0) on c([o, T]; D) 
satisfies the large deviation principle with rate function ir è 
> 


Proof: Let C be a closed subset of c({0,T];R>) , and assume that 
@#cS {b: (0) = x}. Given ô> 0 
P(X"(+,x) €C) € P(X (+,x) ec» 
D € 
* P( sup |X (t ,x)-X, (t,x) > 6) 


O<t<T 


and so: 


lim € log P(X*(*,x) € c) 
e+0 


< [Tim e log P(X" C» 30 € c9] 
+0 i 


V [lim € log P( sup [x Ct o0ox 6x) | 2.5] 
evo O€t«T n 


< [-in£ 17(4)] V [Tim © log P( sup [x ex 66.30 | »85)] 
"m ü e+0 O<t<T 


Letting n>% , we obtain: 


Tim € log P(X^(*,x) €C) < -inf 1*5) 
-— = x,T 


e+0 be 
for all 6 » 0 . At the same time (cf. Remark (2.4) ), 
inf 1?) > inf 125a) . Thus the needed upper bound has been proved. 
x,T pec x,T 


vec 
Next, let G be an open set in cC[0, 7] ;8D) . Given 4? EG 


a 
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satisfying 1*0) <% , set B = ($: sup olt- (0) <p} for p>O. 
P O<t<T 
Choose 6 > 0 so that Bog c G . Then 


PIEC ,x) € Bg) € P(K(*,x) € 6) 


* P( sup X^ (t x)-X^ (tx) 285). 


O<t<T 
Hence: 
n,,0O ; € 
- (yp) < lim € log P(X (*,x) € B.) 
x —— n 6 
£v0 
< [Lim £ log P(X°(*,x) € G)] 
e+0 
v (Tim e log P( sup [x°(t,x) - x°(t,x)| 201 . 
evo OcteT " 
Letting n>% , we get: 
^ 
" € a,b; 0 
lim e log PX (0 € G) > -L'QQG . 0 
> 


£vO 
We have proved our large deviation result under the hypotheses listed in 


(4.1) . We will now show that condition iii) of (4.1) may be dropped. 


(4.12) Lemma: Let o: R > H.S. (ad sR?) and b:R >R be 


measurable functions satisfying  lo(y)! <$ adi+ly|) and 


H.S. 


[o] < sa«|yp » YE JD. Suppose that, for some x € RP ; 


T T 
xm =x + ell? [sax Dag) + [ba jut , 720 
Then, for each T>O , 


lim Tim £ log P( sup [x°ce)| 2R) =- . 
Rte et0 O<t<T 
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Proof: Without loss of generality, we assume that x=0 . 
Set $4 Cy) = a+ly|?>* . Then, since eL [x^ce) |*1 <% for all £50, 


t 5? 0, and q C [1,9) , we see by Itó's formula that: 
6 (x(t) - f Y* 9) 
x of s)ds 


is a martingale, where: 


CE 2.a«[x*co |?) eo*e)» , x(t) 


+ 2.0-Dea«|[x*co |"? aex e) 2 
2&1 


+ Aa» [x^ | ello(X*(t)) s. 


£60 + AO&De)6 GI). . 


Thus, if 0 <€< l and we take e = infít > 0 : [x°ce)| > R} , then: 


l/e 


BL(1+|x"(e ^ cp [51 € 1 + 3c/e frets [x*s ^to |3 Slas 


and so: 


2y1/e 3cT/e 


EL [x^ Gr Ao) l<e 


In particular, 


-1/e 3CT/& 
e 


PCE < T) < Qu) 
and therefore: 


Tim c log P( sup [x | > R) €-logüsR)) + 3c . qq 
e+0 O<t<T 


(4.13) Theorem: Let o: R > H.S. (GÀ ;RP) and b: R >R be 


functions satisfying: 


D 


i) "o(x-o(y)! M b(x)-b(y)| < ™|x-y| for all x,y R and 


H.S. (R 
* 


d, RP) 


some M <œ., 


* 
ii for each x RP , alx) = o(x)o (x) > 0 


> 


Define he on c([0, «) sR”) by (4.3). Then I : is a rate function. 
3 3 


is the distribution 


a 
x 
Moreover, if X^(*,x) is the solution to (4.2) and E 


of x5 (* x) , then for each x € p> and T>O, {Pe :€> o] satisfies 


the large deviation principle with respect to em ; (Here, 7L, = o(x(t): 
5 


O<t<T).) 


Proof: Let 7 co (RP) be a non-negative function such that nly) = 


for || <2 and nly) = 0 for |»| 22. Given R>O, set 


nO) = n(y/R) and define aj) = ng Gay) * Q7 ny GI p and 


R 
z n 1/2 ‘ P 
ba (y) = ng y)b(y) . If op Cy) (ag (y)) , then ogl ) and bac ) 
satisfy the conditions in (4.1) with d-7D. Moreover, if pu denotes 
the distribution of the solution to (4.2) with o= gQ and b= b, , then 
£,R £ 

for any AEM, , Py? (A N (t, > TH) = PCA i 2 Th) , where 
oR = infít > 0 : [xco| > R} . Finally, i Rey) = MO for any 

, 
[n c([0,9) ;8D) satisfying TM = sup po] SR. 

O<t<T 


We now show that for any open CEN, P 


a sbo 


(4.14) lim £ log P. ECG) > -inf I x10 


e+0 ve * 
Clearly, (4.14) will follow once we check that for all Pe c([0,2); RP) NG 


satisfying 4? (0) = 


im e log P*(G) > -1 oe) . 


a0 


Given such a "d » choose R> 0 so that TS XR and set 
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B, = (9: TM < R} . Then, by Lemma (4.11) 


: € ; E 
lim € log P(e) > lim € log P. (G N BR) 
e+0 e+0 


"n £,R 
lim € log P. (c MB) 


EIU 
a,,b 
>- ine 1") Ray > B5) . 
KGnB, x, x,T 
a,b 


We next show that I is a rate function. To this end, let L <œ 


x,T 


be given. Using Lemma (4.12) , we can find an R>O so that: 


lim © log PF((B5) < -L . 
— x R 
e+0 


Thus, by (4.14) 


a,b 
iaf., k CQ ^L , 
$e (B. ) 


and so {¢: 127°) 517 [n . But this means that: 
3 


a,,b = 
(9 : Po) cud = fo: PCH) «120, - (6: LR IG) 1) NBL, and 
a a 
R’ R 


the latter set is compact (in cC[0,] ; 8D) ) because I, 
3 


is a rate 


function. 
Finally, given a closed C in My and an L <% , we can use (4.12) 
to find R> 0 so that 


Tim £ log PÉ(C) 
e+0 ^ 


n €,R za £,,C 
< L € log(P, (c NBR) + P (BS) 


O| 
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a, yb 
< (- inf IÈ P 
- = x 


veers, 


(4)) v (-L) 


uou ROD ALL . 


Letting L ^ 9 , we obtain: lim € log PFC) < -inf rib) zv 
e+0 vec ^"^ 
In many applications, it is useful to have a “uniform version" of Theorem 


(4.13) . Our next result is such a version. 


(4.14) Theorem: Under the assumptions in (4.13) about o and b, if 


(x, 1 © > 0} R and x, > x as € +0 , then: 


lim € log PÊ (G) > -inf 1®P(4) 
— x — x.T 
e+0 € qec ^^ 
for any open %p-measurable G , and 
Tim e log Py (C) < -inf 13°0(4) 
x — x,T 
[320] € EC d 


for any closed Mp-measurable C. 


Proof: The proof turns on the estimate 


(4.15) lim lim £ log P( sup [x ,0-x^ cy) | 2 R|x-y|) 2-9. 
Rte e+0 O<t<T 


To derive (4.15) , set y(t) = x (t,x) - x*(t,y) and define 
Cn = infít > 0 : MEI 2 R|x-y|} . Applying Ito's formula to 
e$, 7 | (with 0 < €< 1/2 ) and proceeding as in the proof of Lemma 


(4.12) , we conclude that 


l/e l/e £) l/e 


R ]ds 


EL |v*« e) | 1< |x-y| + C/e Fret y* ce [s 
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Hence 


sut cp qup rre 


> 


and so (4.15) follows. 
Given (4.15) , the rest of the argument parallels the derivation of 


Lemma (4.11) from Lemma (4.7) . The details are left as an exercise. 


mg 


Following Ventcel and Freidlin, we now apply these results to study the 
way in which a randomly perturbed dynamical system exits from a region. In 
what follows, X will denote a bounded connected open set in Re with smooth 
boundary 9 and UN : £50 and xc RD) will be defined as in Theorem 


(4.13) . Define © = inf{t > 0 : x(t) € 2} ‘ 
pe 


(4.16) Lemma: For all £> 0 and xe, E [t] <> . 


Proof: Given x € , choose R>O so that 4S B(x,R) and set 


7, = inf{t > 0 : [x(t )-x| >R}. Clear C< Tg + Now let 0c gh! be 


R 
Qi) for à> 0 . By Itó's formula: 


fixed and set $4 Go = 
p: PE EATR D 

E [65 (x(tat,))] =]+E Uo [eA(0,a(x(s))0)+A( 0,b(x(5)))] 6, (x(s) ds] 

for all t » 0 and A>O . Noting that (@,a(y)®) >a>O , for all y 

and some @ > 0 , and that [eG | <B<® , fo all y € 9 and some Bé», 


we choose à > 0 so that € x a - AB > 1 and thereby obtain: 


pe 


x 2AR 
E [t,t] Ce ,t20. 


Because of (4.16) , we can define the probability measure n(x, e) on 


9.4 to be the distribution of x(t) under P. . Our goal is to study what 
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happens to x5 (x, *) as £ +0 


For each x€ RP » denote by @(°,x) the solution to 
T 
@(T,x) =x + J PEC dat ,T»0. 


Clearly, PË >ô as € +0 . Suppose, for a moment, that $(*,x) 

x @(*,x) 
exits in the sense that there is a T>O such that &(T,x) Eg and that 
if Ti is the first such T then G(t,x) € # for all tc ToTg + ô) for 
some ô> 0 which is sufficiently small. Then, since 
»*( sup x(t)-6(t,x)| >a) >0 as &€ +0 for each a> 0 , we conclude 
* O<t<T +8 


that m (x,*) 98 as € * 0 . That is, nothing particularly 
S(T x) 


interesting happens in this case. 
We next consider the opposite situation.  Namely, we suppose that: 


i) for each xcZ , Ot,x)€f for all t>0 , 
(4.17) 0 s 0 
ii) there is an x € , such that for all xc , G(t,x) >x as 


tro 


D D 
? 
Now what happens to m (x,*) as & +0 ? On the one hand, PI ate x) . 


On the other hand, for each €> 0, UC» (a.s., P. ). Intuitively, what 


must be happening is that for any fixed T>O , x(*) under Pf 


[0,T] 


follows $(*,x) more and more closely as € +0 and then, after some 


[0,T] 
large time T , x(*) abandons @(*,x) and "makes a run for the boundary." 


r ; x 0 
When x(*) breaks and makes its "run," it must be quite close to x  . Thus 


"n " 


we expect that during its "run" it should follow a route to 0, which is an 
"efficient" route in the sense of jet . With these considerations in 
x ,T 


mind, we now get down to business. 


(4.18) Lemma: For every open neighborhood U of x with Deeg and 
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every xE% , lim P no, <C) = 1, where g, = inf{t >0: x(t) €U} 
evo. * B E 


Proof: Choose T, »0 so that ST ,x) EU and choose ô> 0 so that 


B(®(T, x), 5) CU and dist(®(t,x),#) > forall O<t<¢ T, + Then 


PG, > C) € P&C sup [x(t)-®(t,x)| > 8 +0 as evo . 
* # O<t<T a 


For x,y c RP and T> 0 , define 
Bey) = int (129°) : (T) = y} 
x,T 
and 


Bey) = inf I, 85 MC, . 
T>0 


Note that for any T> 0 , there is a such that 12°? (x,y) = 15) 
> 
From this, it is clear that 


ar, (x,y) < Is bex, z) + i T) Puy) 


e T 


for all TT, >0 and x,y,z € RP . Hence 


(4.19) 19 


(x,y) € 182P (x,z) + 1? Baa) > X,y,z € R o. 
In particular, 
a,b _ a,b a,b a,b 
|: Gy) I G,,)| <1 (xx) V I (x, x s 


a,b a,b a,b a,b 
|r d Gy) -I? (x,y) <u (y, y3) v I? (yy) ; 


and so 
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b a,b 
(4.20) PG c D GS) 
a,b a,b a,b a,b 
<1 (x, 5X5) VIC (x, x4) + 1°? (iy) v I" (yy? x 


(4.21) Lemma: For each R > 0 , there is an M. <% such that 
1*P,y) s Ma [x-»| for all x,y € B(0,R) . In particular, 


p? : BCO,R) x BCO,R) > R! is uniformly Lipschitz continuous for each 


R>0 . 


Proof: In view of (4.20) , it suffices to prove the first statement. 
-X 


To do so, define (t) = x + 
; y-x 


t for O<t< |y-x| ST. Clearly 


a,b a,b 
I! (x,y) < Tp < MaT S ] 


a,b, 0 


Set m= inf I`?’ (x,y) and H= (yc dy: 1*:b (x0, y) =m} . Given 


yede 
&6>0 , let H(8) = (yc 82 : dist (y,H) < ô} . 


(4.22) Lemma: Let > 0 be given. Then there is an open U(6) 5 E 


satisfying U(8)CC HH and a Ys > 0 such that 
€ 
a) lim inf _ e€ log P (x(C)c H(6) , CC T) > -m - Y 
EVO xcU(5) * ipis M ? 

for some Ts »0 , 

b) Tim sup © log P^(x(C) € H(86) , C € T) € -m - 2v 

7 e0 xe) x A 5 

for all T^ 0 . 

a,b, 0 

Proof: Choose «X? 0 so that I (x ,y) 2m+a for all 
y €O,4NH(8) . Next, choose U(6)5 xÜ and Po > 0 sothat: UWdsce 2; 
1®P (x,y) > m+ 3a/4 for all xe USJ and ye Oy\H(S) , and for each 
x UG there is a h € C([0,9);9) satisfying v, C0) =x, (Pq) = z? 3 


a,b 
and Ly spy ta) S 0/16 x 


95 


We first show that for any T>O , 


Tim sup € log P*(x(t) E H(6 , C< T) < -m - 3a/4 . To this end, note 
x Bek oN 

£V0 xcU 

that {x(t) E H(8) , C € T} is a closed Ti, "measurable set. Suppose that 


there is a Y > 0 such that for n> l there is an Xa UCS) and an 


e 
o<e í l/n satisfying € log PG) & n(5) , C<T)>-m-3a/4+y . 
n 


Let (xg be a subsequence of {x} such that x, > x € UCS) . Then 


eos 
lim epilog P" (x(t) E R(8) , CX T) >-m- 30/447 . 
n' 


Tite 
At the same time, by Theorem (4.14) 


£ 1 
Tim e „log P” (x(t) E H(5) , 6 < D 
nizo FP Xo! x 


< cintÜP QD : CQ) € T and WE) p RCM) 


£ -inf{1™? (x,y) :oy € 04A H(S)} 


< -n - 3a/4 . 


Thus, our estimate is true. 

In order to find a Ts > 0 for which a) holds, we proceed as follows. 
Choose ». €H . Because i559. =m , we can finda T>O and a 
4 € CCIO,T];R)) such that 44(0) =x” , WD = y) , and 


iub (6) €m* 2/16 . Define To = infít » 0 : d4(0€ 4). . Clearly 
x ,T 


To <T . Choose Pi > 0 so that there is a «4 € c(I0, o, 15; 87) satisfying 


a, 


~ T b 
(0) = $9 (T9) ; $4 (t) EX, for any t€ (0,0,] , and Ig (T 5, 


(4) € a/16 


= * ^T . D . 
Set T, = Po + To +e and for x € U($) define 9. € CC[0,T,);R ) by: 
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oe) 4 OLES P 
$ (t) 74 HEP) > 09 € t € Ty * Po 
$4 (t7 To 709) » Ty * fg Kets Ts 
It is clear that 


a,b 
sup I^'. ($ ) € m+ a/4 
Te) XT X 


In particular, since 


a,b a,b ~ a,b 
D" (xel) € r^ (BO ST 09 o> 


x To *Po x Ts 
(To) € H(6) . Thus, for each x € UCS) , 3. is a path satisfying: 


D YWO=x, Ty + Py 


P Tto) € H(8) , and Q(t) £ &. for tc (Tot 09:73] ; 


is the first exit time of 9 from # 


"T a,b ~ 
iD rp < mta. 
Now define © = inf{t <0: x(t) E Z} . Then 
G = {x(¢)€ n(6) , < Ts} is an open Ti, -measurable set contained in 
6 
(x( € H(5) , č < Tg) and $, EG for all x€ U(8) . In particular, 
inf 12°? (4) € m+ a/4 
x,T - 


vEG "6 


for each x € U(5) . Thus, using Theorem (4.14) and arguing as we did 


before, we see that: 


lim inf e log Pe(x(t) € B(8) , C < T) 
e+0 x€U(6) 
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> lim inf e PEG)? -m- a/4 . oO 
ev0 xcU($) 


(4.23) Lemma: If U is an open neighborhood of x with V cc, 


then 
lim in£(18:b(4) : x €8\U and  € c({0,T];2 \u)}= eo 
The x,T 
Proof: Suppose not. Then there exists MX», {x} eS AN » Ta tfe, 
and (o c c(q0,7.]; Av} such that i. (dn) SM . By compactness, we 
n'n 


may and will assume that uM ^x and that o. > (4 uniformly on compacts. 
In particular, d(t) €&\U for all t » 0 and rh» P) <M for all T> O0. 
x g 2 


We next observe that there is a To > 0 such that for each x € # 


(t,x) € U for some t € [0,79] . Indeed, if ey O9 = infít 20: 
(t,x) € U} , then ey (x) <œ for all x € X and ey is upper semi- 
continuous. Hence, since - is compact, ey ts bounded on 4 


Now let © be the function produced in the first paragraph,and for 


n20 define à Cc([0,ry]; Z ND) by 4 (c) = Ht * nt , OS EST . 


Then, 
li "OPE Des sMaeo 
0 žno P The * 
where x, = $(nT9) . Thus, there is a subsequence (Qd such that x1 > y 


and Be T ND) *0 . Clearly, $a > G(s,y) in cCI0, 791; A vu) . 


n' , 0 2 [0 »To] 
In particular, @(t,y) € 4\u for all 0 kts Tọ 3 and this contradicts the 
choice of Toc o 


In order to complete our program we need to use the strong Markov 


property for the family (pe :x€R 3, Namely, given an { ™: t > 0)- 


stopping time T: f^ [0,3 1} fe] and sets A,B € Ro with A EM, : 
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€ T 
P(A nB) 
(4.24) pe 
-E [P (4) (9? „AN {t<}, 


where B° = {w : t(w) <e and x(* + t(w),w) € B) . A proof of (4.24) 
based on the same ideas as those used to prove Theorem (1.24) can be found 


in [S& V]. o 


(4.25) Theorem: For every x € and ô> 0, m^(x,H(8)) * 1 as 
€ +0 . In particular, if H has precisely one element y? , then n° (x, *) 


>ô p i 


y 


Proof: Given 6 > 0 , choose U(ô) and Ts as in Lemma (4.22) . 


Suppose that we can prove that 


(4.26) lim sup P°(x(C) e 94NH(8) 20 . 
£X0  ycU(Ó y 


Then, by Lemma (4.18) and the strong Markov property: 


lim P&(x(t) € 8J'NR(6)) 
[220] x 


= lim PÊ(x(¢) € OB\H(S) , o< C) 
£v0 x 


€ 


lim E * TRY (y (0 € 84A H(8) , o< C] 
£v0 


l^ 


lim sup P^(x(t) € O8\H(6)) =0 , 
£Yv0 you y 


where o = Sys) = inf{t > 0 : x(t) c U(5)) . Hence, it suffices to prove 
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(4.26) . 


To prove (4.26) , let V be an open neighborhood of T with 


VccU(8) . Define gy 80 ; 


d 
ti 


infít > o, +T, : x(t) e V) > n>0 , 


and 
c, = infít >t) : x(t) € (85) , andl 
Set 
A, = (x(t) € BG) , Ce (o, 2) 
and 
BL = (x(t) € WA H(S) , CE (ot )] 
Then: 


Pe(x(t) € Ob\ H(8)) = I PR à 


€ OT VE 
P (x(S) € H(8)) = I PCA)? , 


and, for any xe v) , 
D 
wit 


€ = € 
PB) -E Fia) 9) € AAA uC), C< T » 04 < c] 


€ 
P 
XE 
& 9Ce)E Hace yere € H(6) , C «€ To) » 9. < c] 


= O(e)P (A) , 
x n 
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where 
sup P*(x(C) € OHA HCS) , c € x9) 
Q(e) = U y 
inf PECE) € R(8) , E< x9) 
yeu ? 
Thus: 


sup P©(x(C) € àJA H(8)) < Oe) 
xcU(5) * 


To prove that O0(c) » 0 as € 40 , first note that for any T > Ts 
Py) € &JA HCS) , C € xg) 
& Py CO € ag\H(S) , C € T) 
€ 
+P(T< 0 < v) 
y 0 


Next, set e = inf{t > 0: x(t) € V) . Then 
V 


€ 


pir <t< v) = E P[p* 
y 0 


xr) ("Ts «c« E »& AT > Ts] 


< sup. PE (x(t) EFA V for all t € [0,T-T,]) 


zc 
By Lemma (4.23) , we can choose T > T, so that 
inf {122 (49 :z € NV and (€ cC([0,7] ; NV) >m+ 2y, . Hence, by 
z,T-Ts Il & 
Theorem (4.14) , 


Tim sup € log P*(x(t) € JN for all t€ [0,T-T,]) 
e+0 z AV Z 


S 7n - 2Y; 


At the same time, by (4.22) b) 
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Tim sup c log Pr(x(t) € Op \ HC) , C D m - 2v, . 
+0 ycU(Co) y 


Hence, there is an t9 »0 such that 


sup P*(x(C) € Oy\H(d) , € € 4) € exp(-(m+7¥5/4)/e) 
yey 7 


for all 0<e< ZEE Finally, 
€ DN 
P OG) € H(8) , o< To? = Fate) eH(5) ,o< To? 
€ 
2 PQGOG) c H(S5) , € < Tg : 
Hence, by (4.22) a) , there is an z »0 such that 


inf P&(x(C) e H(5) , C € To) 
yeu(5) ? 


5Ys 
> exp(-(m + z/e) 


for 0<e< E Therefore, 


-y,./2€ 
a(€) <e $ 


for 0 <e e ^s . 


5. Introduction to Large Deviations from Ergodic Phenomena: 


Let E be a Polish metric space and set Q equal to the space of maps 
w: (0,...,n,...) >E . For each n2 0 , define X(n) : Q >E so that 
X(n,w) is the position of w at time n and define 9. : Q> Q so that 
X(m, 0 0) = X(minjw) , m>0 . 


Suppose that P on (2,8) is a 9. stationary ergodic probability 
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measure. That is, P(e A) = P(A) for all m>O and AE Ro and 
-1 


P(A) € {0,1} if A= 8 A . Then, by the ergodic theorem, for each 
o c L'(») 


N-1 


P 
l o > 
` pe A E [9]  (a.s., P) 


as N*9. In particular, if f£: E > jl is bounded and measurable, then 


N-1 
(5.1) l 


i £(X(n)) > JED uy) (a.s., P) 


o 


where p = P^» x(0)7! x 

We now want to re-interpret (5.1) in such a way that it lends itself to 
the statement of a large deviation principle. To this end, denote by ni (E) 
the space of probability measures on (E, p) and endow M(E) with the 
topology of weak convergence. For N > 0 , define 19? M(E) to be the 


"normalized occupation time" functional: 
i N-1 
L0) = 7 ) Xp(X(n,w)) . 
Then (5.1) is equivalent to 


(5.2) f EGO (ay) > J Gu (ay) (a.s., P) 


for all bounded measurable f : E > R? . Since E is Polish and therefore 
there exists a countable set 9 & c CE) such that v > v if and only if 


[fdv > [fdv for each f € $ , it follows from (5.2) that 
(5.3) Ly? E (a.s., P) . 


In particular, if QW is defined on M(E) to be P* p , then (5.3) 
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implies that 
(5.4) Qy 2 6 


where the convergence here is weak convergence in mC MCE) ) , 
The virtue of the formulation given in (5.4) is that it suggests how to 


formulate a large deviation principle.  Namely, it suggests that we look at 


vac 
lim E log Qu C6) 


for open sets Gc m CR Go) and 


for closed F c m Cn, CE) s 

To see that it is not unreasonable to seek such a principle, we note that 
we have already proved one in a special case. Namely, suppose that P = an ; 
where a is a probability measure on E and N = (0,1,...,n,...) . Noting 
that the distribution of 1 5 under P is Pœ e , we see that 
Sanov's theorem (Theorem (3.40)) ,provides us with precisely the kind of large 
deviation principle which we are after. In fact, if Ay is defined on 
qe as in (3.40) , then QW satisfies the large deviation principle 
with rate function AY : 

In order to understand what to expect when P is not simply a product 
measure, we consider a simple, but non-trivial, Markovian situation.  Namely 
let E be a finite set and suppose that m is a transition probability 


function on E such that m(x,(y)J) > 0 for all x,y E. Then, as an 


immediate consequence of the Frobenius theory of positive matrices, we know 
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that there is a unique 7"-stationary probability measure y on E . In fact, 
p((y)J) > 0 for each yc E and there is an €> 0 such that 

Tim L sup tog ] |n 7) (x, G- nC D. < -e 

neo D xg ycE 
Now let P on Q be the Markov process with transition function 7 and 
initial distribution u . Then P is a O,-stationary ergodic measure on 
Q . We begin by trying to guess the rate function entering into the large 
deviation principle for the associated family (o. : n> 1) . In making our 
guess, we will assume that such a rate function I exists and will only 
attempt to see what form I has. 

We begin by looking for an equation in which I appears. Such an 


equation is provided by Theorem (2.6) : 


Q 
lim L tog Efe] = sup — ((-I() 


men ve (D 


for F€ ey mon) . In particular, if VE e, CE) , then 


Q. n[,V(G) v(dy) 
MV) = lim L log E "[e F ] 


(5.5) noo n 
= sup (fv()w(dy)-IQ)) . 
v EM, CE) 
Qa nf, VG) v(dy) 
Note that, since log E [e ] is a convex function of V € C, CE) 


for each n> 1, V^» X(V) is convex. Thus, if we assume that I is 
1l.s.c. and convex on M(E) and we extend I to c, Q* so that I(v) =% 
for v ec. (E) \ PC ; then (5.5) says that à is the convex conjugate 
of I. In particular, this means that I is convex conjugate of A (cf. 


Theorem 7.15). That is: 
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(5.6) I(v) = sup (fv(y) v(dy)-A(V)) 
VEC, CE) 


Before proceeding, we will check that (5.6) is precisely the formula 


from which Sanov's theorem came (cf. Lemma (3.37) ). That is, suppose that 


w(x,*) =a for all x €E. Then p=a and P= an . Hence 

Q  nf,V(y)v(dy) n-l 

ge 1 = E'lexpC J V(x(2)2]. = EP Lexp(v(x(o)))1" = (fe P a(ay))®: 
0 

and so A(V) = roster’? alay) . In other words, (5.6) becomes 


I(v) = sup( [v(y) v(dy) - log fe” atdy)) 3 
V 


which is precisely the expression that appears in Lemma (3.37) and on which 
the proof of Sanov's theorem was based. 
Returning to (5.6) , we next try to find a more tractable expression for 


A(V) . To this end, we will prove the following. 


(5.7) Lemma: Given V € C, (E) , define my ?) = UO 


T(x,*) . If P 
x 
on Q is the Markov process on Q with transition function 1 starting from 
x , then 
n-l 
j vai) 
(5.8) [ne](x) = E "(e ? £(X(n))] , 


nt 


n-l 
where mT £(x) = [£n (x, dy) » Ty lz Ty? uy , and D V(X(m) =0 if 


n=0 
Proof: We prove (5.8) by induction on n>0 . Clearly (5.8) holds 
when n=0. Assuming (5.8) for n , we have: 


P 
Ble gy = SY OE *pgheya))] 
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n-1 
a j va) 
= QUOD, xg Die? £(X(n))]] 


n-1 
» ) vai 1) 
= eg xp, 9 £(X(n+1))] 


n 
ja) 


Sat £(X(n+1))] 
f 


In order to take advantage of (5.8) , we again invoke the Frobenius 


theorem and assert that: 


i) There is a y(V)>0, a By € M (E) , and a uv € c, C such that 
[uy Guy (dy) "1, A wy} » 0 for all y€ E , muy 7 Yu, , 


and uy. = You, 


ii) If ue c, C^ \ {0} and ju = yu , then y= Y(V) and u= Puy, 


where p = Juy) (dy) 


iii) If u€ €, CE; CN (0) and y €C satisfies Tu = yu , then either 


u = pu, , where p= facy)uy (dy) , and y= y(v) or || < y(v) 


iv) for all f€ c, QC A apr > GEO uy (dy) uy uniformly on E 


cl 
Can 
as n> o 


Combining these facts with (5.8) , we see that 


n-l 

(X(m) ) 
Q. nf V(y)v(dy) lv 
lcg "fe E ] = (1) 2P te ? ] 
y(v) y(v) 


x 1 n n 
I Sty) [191] (x) uCdx) 
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3 fuy GO (a) > 0 ; 
and therefore that 
(5.9) ACV) = log y(v) 


where y(V) > 0 is the largest eigenvalue of Y Next, from 


T 
Ty = Wu, , we see that V - A(V) = -log ey . Hence (5.6) can now 


uy 
be written as: 
(5.10) I(v) = -inf f log(—V)av ; 


ve (E) E wy 


Finally, if u € e, C is positive and V, - -log(™) , then mu 7 ouo; and 
u u 
so vv) =1 and u= (udi, Juy . Hence every positive u€ c, CO is a 
u u 


positive multiple of a uy for some V€ c CE) . We can therefore replace 


(5.10) by: 
(5.11) I(v) = -inf | log()av 
uec (E) E u 
u> o0 


Once again, notice that (5.11) is consistent with the expression for La in 
(3.37) ; indeed, simply take u= ef and remark that tu = fefaa ^ 

Before ending this heuristic introduction, we look at the analogous 
set-up for continuous time processes. Again let E be a Polish space, but 
this time let Q = D([0,9);E) be the space of right continuous maps 
w : [0,°) > E having left limits at every t € (0,9) . Using Skorohod's 
topology, we can put a Polish metric on Q in such a way that 


Bo = o(X(t) : t > 0) , where X(t) : 2 +E is defined so that X(t,w) is the 


position of w at time t . The time shift semi-group EA :t> 0} is 
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defined on Q so that X(s, 6 w) = X(s+t,w) , s > 0 . Now suppose that P 
is a 6 -stationary ergodic probability measure on Q . Then, just as before, 


we see that if Q, is defined on m(m(E)) by Q =P p where 


t 
x 
L, (Tw) L J xps 0))ds ; Tem. j 


then the ergodic theorem leads to: 


Q, = 8, 


as tt . Thus, once again we are in a situation for which it is possible 
that a large deviation principle might hold. 

In order to get a feeling for what to expect in this situation, we return 
to the case in which E is finite and we suppose that (t,x) c [0,9) xE > 
P(t,x,*) is a continuous time, time homogeneous, Markovian transition 
function satisfying P(t,x,(y)) > 0 for all (t,x,y) € (0,0) XE XE . Then 
there is a unique p € (E) satisfying y = pP. (PEC) = ff(y)P(t,x,dy) and 


vP, (T) = [P(t,x,D)v(dx)) . Moreover, P(t,x,*) >p as t+ for all xcE 


and p({y}) >0 for all y CE . Finally, if P on Q is the Markov 
process with transition function P(t,x,*) and initial distribution wp , then 
P is a O,-stationary ergodic measure. What is the rate function I ? 


As a first guess we proceed as follows. For each h 5» 0 let 


(b) - sone hna R 
m` '(x,*) = P(h,x,*) and define La (52 j Xp XCnh)) . By the 
no 
preceding, we predict that the large deviation principle for P» LO) has 
(h) i 
rate function iy = -inf flog av, Noting that, for fc c, CE) 
u€C, CE) u 
u> 0 
h[t/h] f£(y)L (dy) =h J) £(X(mh)) 
[t/h] 0 
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> t JEL, (dy) as h>0, 


we guess that: 


(h) 


[t/h] € A) 


l log P(L, c A) =L log P(L 
t t t 


€ A) 


~l 1 (h) 
= Tent E Ple] 


and therefore that 


I(v) = - inf lim i f log £9 av 
u 
ucC, (E) ht0 
u> o0 


P u 
- inf 4 f log to dv 
ue (E) dt u 
u?0 


Hence, we guess that 


(5.12) I(v) = - inf f Lu adv 
uec, CE) B 
u> 0 


where L is the generator of {P :t>o} . 

Although the preceding derivation of (5.12) is plausible, it involves 
several changes of the order in which limits are taken. We therefore will now 
give a second derivation, more in the spirit of the one used to guess 
(5.11) . To this end, note that, by Theorem (2.6) , for any V € c, CE) 


lim 
t+0 


AQ) 


m a 


log E" Lexp( f v(x(s) )as)] 


lim 
t+0 


a j- 


2. 
log E [exp CE J VG v(4))] 
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= sup (fv(y)v(dy)-I(v)). 
ven, CE 


Thus, if we assume that I is a 1.s.c. convex function on m CE) , then 


(5.13) I(v) = sup (fv(y)v(dy) - AQ) 
vec, (E) 


We now need the analogue of Lemma (5.7) . To this end, let (PT : t > 0} be 
the semigroup on e) generated by L+V . Then, by the standard 


perturbation theory, CM : t > 0} is characterized as the unique solution to 
(5.14) PY’ f(x) = P f(x) + ft» (vP £)] GOd t»0 
: t p QU ET8- og io RES as EA 
for f € QC) 
(5.15) Lemma (Feynman-Kac): For any V € cV CE) " 
3 


E t 
(5.16) PYE(x) = E *Lexp({ v(x(s))ds)e(x(t))], e20 


for all f € c (E) , where Pa is the Markov process on Q with transition 


function P(t,x,°) starting at x . 


Proof: Define {Q, : t > 0} by: 


P t 
Q f(x) = E “Texp( { VCs) ds) £(x(t))] ; 


Then, by the Markov property: 


t P s 
Q F(x) = P f(x) = JE [v(x(s) Jexp( J V(XCo) )do) £(X(t)) Ids 


t Pk s 
= SE Lexp( f V(XCo) 4e) V(XC8)) CP... £) (Xs)) 14s 
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t 
I [Q (VP... £) 1 (x)ds 


_ ft 
= f e-s PE] (x)ds . 


That is, {Q, : t > 0} satisfies (5.14) and therefore Q, = P 


V 
t t 


rj 
We once again invoke the Frobenius theory to conclude that there exists a 
unique a(v) € R! , a unique positive uy € c, CE) , and a unique uy ENE), 


satisfying uy (Ly}) >0 for all y €E , such that fuyCy) wy (dy) = 1 and 


ETEO pV g > GE uy (dy) uy, as t^ for all f€ c, CE) . Combining this 


with (5.16) , we now see that 
Mv) = alv) . 


Also, since 


Plu, = Lim(e (9*0 eV) pV u,) 


s V the tts V Wy >? 


we see that 
(L*V)u, = AOV) ; 
and so 
V-AQ)-7 uy /uy š 
Hence, we can replace (5.13) by 


I(v) = -inf f (Lu„/u,„)dv . 
veg (m) E VY 


Finally, just as in the discrete time case, if u € C, CE) is positive and 
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Va = -Lu/u , then u= uy . Hence we again arrive at (5.12) 
u 


In the case when L is symmetric on A C) there is a nicer way of 
computing I(v) than the one given in (5.12) . To see this, we first 


observe that if f,g € c (E) then 

(5.17) -2[fLgdu = lim 1 f[P.CC£- £G) Ce-g G0) ] GO u(dx) 
t40 t 

Indeed, define 
MI = L(fg) - fLg - gLf 

and note that 


JKE, g> (x) u(dx) = fiL(£*g)du - ffLgdu - feLfap 


[(£*g))idp - 2fflgdp 


-2 f fLgdu 


since Ll =0 . Next, note that P, is symmetric in |) and so 


= i l ° P 
[<E g> du is ELLAS gl) - £(x) [Pg] GO 
- gGO[P, £] GO £GO gx) u(dx) 


= liml JIP CGE-£G) (g-g(x))) 1 GO wax) 
t+0 t 


Now let dv = dẹ and apply (5.17) with f = $/u and g^7u. Then we see 


that 
-2f Lu av = lim L fip (Co/u-6/u (x) ) Cu-u(x) )] GO wax) 
u tro t 


But: 


[P CCo/u - o/u(x))(u - u(x)))] (x) 
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SOG) - QOD. olx) + uG)08(y)) + O(x))P(t,x, dy) 
u(x) u(y) 


1/2 1/2 


< [(£G) - 26°°* GR) !"(y) + 00x) PCE ,x, dy) 


JG) ~ May teca ay) = [o (17? - 172671) 


1/2,1/2 


since Aa + i b > 2a for all a,b » 0 and A2 0. Hence, by (5.17): 


-2f Lu av < ft», (97? - a?! Tay 
u 


1/2; 41/2 


= -2f6 du 


This shows that 
uv) < -fo 2541724, 


At the same time, if u = 6 * l/n then 


n 5 


—— Lu 
I(v) > Tim - f — av 


u 
n?e n 


“Tia f 5 Lol ay z -fol 2141/24, 
n? PILAR 


Thus, we have now shown that when L is symmetric in Lê) , then 


(5.18) 1G) = -fol ro ap |g = dx 
u 


It should be noted that (5.17) and (5.18) enable us to see that the 


equation from which we started, namely: 


ACV) = sup (fv(y)v(dy) - I(v)) 
vem (E) 


is precisely the classical variational principle for the largest eigenvalue 
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À(V) of the symmetric operator L+V . In fact, writing v as m , where 


ve |t , we see that this formula is equivalent to: 


AQ) = sup Cfe GO [CLeV) 6] Cx) u (dx) ) 
«a? (q»* 
TS 
L (u) 
Finally, the restriction of to ioo is inessential, since 


[vGos? GOu(ax) = [vGO [960 | utax) and, by (5.17) : 


-2[éL4dp = lim L f[P, (d-o(x))?1(x) wlax) 
t0 t E 


= lim L f pax) (aly) - 9G0)? Pt x, dy) 
tro t 

> lim L faw fA |- [660 [REx ay) 
two t 


-2f joje Jepan : 


We have therefore shown that our variational formula for A(V) in terms of I 


is nothing but a hidden form of the classical formula 


AQ) = sup CfoGO ECV) b] Gx) p(dx)) . 


EL? Qu) 
My, =l 
L (p) 


6. Existence of a Rate Function: 


Let E be a Polish space and q(x,°) a transition probability function 


n 


on E. Set Q=E` and let AP : x € E} be the Markov family on Q with 
transition function m (i.e. P (x(0) 7 x)7] and P, is a Markov process 


with transition function m ). For n> 1 and w€Q, define 
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n-l 
2l R 
L Too) 4 ED , rea, , 


and 
1 1 1 n 
LO, = LTW = 2 ) xp.) . 
Finally, define Q and ol on Mı (7"t(E)) to be the distribution of L 
n,x n,x n 


and Ll , respectively, under P. ^ 


Under the assumption that for some M « and all Ky Xo € E 
(6.1) l nx, *) < Ma(x, *) 
we are going to prove the following theorem. 


(6.2) Theorem: There is a convex rate function I : MKE) > [0,9) U {e} 


satisfying: 


i) for each open G in M(E) 


li n+ log inf Q, (C) > -inf I(v) ; 
^ DA 


n> xCE Ryx veG 


ii) for each closed F in (E) 
Tim 1 log sup Qa xP) < -inf I(v) . 
nee n xee ™* VEF 
Moreover, if p € mE) satisfies ep € nx, ,*) X l/c u for some & 5 0 and 
x9 € E , then for any finite collection {Ay seee Ay? of open convex sets A; 


in m (E) : 


N 
lim | log Q (UA = cigf TO), 
noe n 1 v €j Ai 

1 
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where Qa " = fq, "(60 


We want to model our proof of Theorem (6.2) after our proof of Thorem 


(3.16) . The key to our ability to use the reasoning of section 3) in the 
present setting is contained in two simple remarks: we can replace Q4 x by 
, 
ql x throughout most of the argument and 
3 
(6.3) sup h^. <Minf go a 
n,x — n,x 
x x 


The first of these remarks will become clear in the final part of our 
argument. As for (6.3) , simply observe that for any Bc 8o and all 


XX cE : 


-1 
p. (6, B) 


; J Py(B) mx; dy) 


l^ 


£ -1 
Mf Py (B) mx, dy) = ec B) . 


(6.4) Lemma: For AER , set e) = inf ol xo) >» n2l. If 


mE) xcE Ps 
A is open, then either (A) = 0 for all n? l1 or there is an m»? l 
such that QA) ^» 0 whenever n>m . If A is convex, then ER 2 
P? n(A) O(A) for all m,n> 1 . Finally, if A is open and convex, then 
lim 1 log 9 (A) = sup L log € (A) . 
n a n 


n>% n n 


Proof: First suppose that A is convex. Then: 


1 - 1 z "ENS unde 
Qen, x‘ Pm € A) Pre Lat AA La UE. € A) 
1 1 
»P(LC€A,L 2° 6 EA) 
we m n m 
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=f al € adap 
lea) ™ n x 


Iv 


1 
PCL, € A) P(A) > 6.00 PA 


> 
for all x€ E . Hence eus 0 > ea P(A) 

Next, suppose that A is open and that (A) > 0 for some m 21 
Select some X9 € E . Using Lemma (3.25) , choose a compact convex KSA 
so that ol (K)?» 0 anda 8650 so that EK and lv-yl < 26 imply 

m, Xo var 
that v€ A . Given n> [n/8] + 1 and writing n= qm * Ta with 


osr <a , we have: 


qi. (A) =P, (Le ea 
Xo 0 
1 
BPQQQQ.C€P 
0 7n 
Eq Lcd 
Sg Xp 


qn 
>?  (K)»€( _(R)) 
a" qm 5m 


Since (A) 24 al „ (A) , this proves that 2 (A) > 0 for all 
LI 
0 


n? [m/5] + 1 


The final assertion is now an immediate corollary of Lemma (3.11) 


a 
o 
Denote by C the class of open convex A € M (E) and by 2(A) the 
number sup + log @ (A). For v € M(B) , define 
n n 


IQ) = -inf{2(A) : v € A € e) 


Before turning to the proof of (6.2) , we require one more observation. 
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(6.5) Lemma: For each L>O there is a compact K, in m, CE) such 
that 
Tim L log(sup a Sh» <L. 
noo n x€E ' 
Proof: Let X9 € E be fixed and set p= (xp, *) . For n> and 
measurable F : E "+ [0,9) , note that 
P 
sup E *[F(X(1),...X(n))] < M's FDW (y) . 
xcE E 
Indeed, this is obvious for n = l and follows by induction plus the Markov 
property for general n5] . 
Now, let L > 0 be given. By Lemma (3.32) , we can choose a compact K 
in M, CE) so that Tim _ log E ] 6. € x^) < -(L*log M) . Hence, from the 


noo n k 
preceding, we see that 


Tim L log(eup ot | (K^)) < -L 
nee n xcE ™* e 


for this choice of K . g 


(6.6) Proof of (6.2) with I= I 

Just as in Lemma (3.15) , lower semi-continuity and convexity of Li 
are built into its definition in terms of (A) . 

We next check the lower bound for open sets. Given an open G and 
v€ G , choose an A€ c so that v € A and dist.(À,G^) » O , where 
distance is measured in m CE) by the Lévy metric or any other convenient 
metric. Then, for all sufficiently large n's , inf Qa C 20,00 . 


xe i 


Hence, 
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lim L log (inf Qa M) > 2A) > -10 . 


Tee n xCE ™* 
We have therefore proved that 


lim l log(inf oy x6) > -inf I no” : 
neo n x€E vec 
Combining the preceding with Lemma (6.5) , we see that for each L > 0 


there is a compact K, such that: 


- l 
inf I ns lim i boat Qa xh)? 
< lim l log(inf ql oe) 
neo N x€E ™* 
<a, 
since inf Qa, mc) < inf qi > AE . In particular 
x€E xer ™* m) f 


KS (v : Tm 2L) ; and so (v: LO) SL} SK Since we already 


L+l ^ 
know that L is 1.s.c, this proves that ist is compact for every 
L>o a 

We now turn to the proof of the upper bound for closed sets F . To this 
end, note that it suffices to prove that 
(6.7) Tim L 1og(sup ql x33 X -inf I nt”? 

n»e n xer ™* v€F 

for all closed F . Indeed, for each 56» 0 , 


Tim À 10g(sup Qa xP) 
noo n x€g 7% 


< Tim ldog(sw Q FO»), 
n 


x 
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and so (6.7) would imply that 


Tim 1 1og(sup Qn, x fF) < -inf I a”) 
now n x g OY 


for all 6» 0 . Since remark (2.4) applies to I> it is now clear that 


we need only check (6.7) . 
Next note that because of (6.5) , it suffices to check (6.7) when F 


is compact. To see this, one simply repeats the argument given to prove 


Theorem (3.26) . Finally, if F is compact and c > -inf I_(v) , choose 


o N ve 
Ay € Œ so that c? max &(A.) and FCUA, . Since 
14i * pt 
sup qi Zoe) < sup ol (U A.) € MN max fa.) we then have: 


xcE 7% x€g "^ 1 t 70 acie 
Tim L 1og(sup ql ,UP 
n?o n xckE ™* 


< max A.) <c . 
1<i<N * 


We have therefore proved the upper bound for all closed sets F . Note that, 
in particular, 0 = Tim Ł log(sup ql XC) & <~ inf I n2 , and so 

noo n x€E vey (E) 
I, t æ , Thus we have also shown that Ix is a rate function. 


N 
To complete our proof, let A,,...,Ay € C be given and set A = y AS rx 


Given p € My (E) satisfying ep < T(x, *) X l/e p , note that 


£Q a = Efan, (An G dy) 
& Ja, (DuC) 
= 1 
< Ve[q, (A) 2G dy) = l/e Q5 xy 
Thus we need only check that ene — log a ad = -inf o) . Moreover, 


noo n vcA 
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since 
max Pn ES x (A) ÊN max Qo (A;) 
1<i<n Xo 1<i<n Xo 
< MN max @ (A,) 
T agim” t 
and aCA) = lim L log HA; ) ; we now see that it suffices to check that 
nee n 
A(B) = -inf IO) for BE c ; and clearly this reduces to showing that 
y o 
A(B) € -inf I. (v) for BcC satisfying &(B) > -> . Let such a B be 
væ 
given. For a fixed Ô> 0 , choose Ny 21 so that d log M< 6 and 
0 
A(B) zu log à ( B) <6. Next, using Lemma (3.25) , choose a compact 
No 0°*0 
convex KS B so that + log ol (B) - L log ol (K) <Ô. Then 
No Nooo N No 2X 


log. (K) > dog ql " (K) - log M 
No 0 No 0°10 No 


> aB) - 36. 


Since n> logĝ (K) is super-additive, this proves that lim + log #,(K) > 
n>% 
A(B) - 36 . At the same time, 


e, 0 Eq. (K) € sup Q, CK) 
Xo xcE n, 
and so 
Tim 1 log ea 00 < Tim 1 log(sup Qa „0? 
noo n noo n xck ™* 


€ -inf o < < -inf I nm” A 
v€K veB g 


We next turn to the continuous time context. Again let E be a Polish 
space and this time set Q equal to the Polish space D([0,9);E) of right- 


continuous maps w : [0,9) > E having a left limit at each t € (0,9) . 


122 


Suppose that (P. : x € E) is a measurable, time homogeneous Markov family of 
probability measures on (2,89) , and denote by P(t,x,*) its transition 


probability function. For each t > 0 , define Lo: Q + (EZ) so that 


t 
21 
L, (7,0) L xps, 0))s » rea, 
and set 


1 5 1 ttl 
L Tw) = LT, w) Se E Xp(Xx(s,w))ds » 


Let Q TPID and Qs Br (Ey) on (MCE), (gy) + Under 


the assumption that 
(6.8) PC1,x, 5°) € MPC1,x,,°) 


for some M <œ and all Xp 3X3 €E , we are going to prove the following 


theorem. 


(6.9) Theorem: There is a convex rate function I : M(E) > [0,29) U {e} 


satisfying: 
i) for all open G in M(E) 


lim L log(inf Q 


(G)) > -inf I(v) ; 
t>o t xCE 


vec 


t,x 


ii) for all closed F in ME) 


lim 1 log(sup Q 


(F) < -inf I(v) . 
tro t x€E 


tox veF 


The proof of Theorem (6.9) is somewhat a re-run of the discrete case. 


However, a few alterations are necessary. 
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Given A E Ph (Œ) » define 


MASS = e Qe CO? 


for t>0O 


(6.10) Lemma: For any Net AE Bre)? ee 2 @ (A) (A) y 


s,t >0 . Moreover, if A €C and there exists a B € C satisfying 


(dist(B,A°)) A (sup 6 (8)) ^ 0 , then lim L log @(A) = sup L log PLA) . 
t 


t>0 t tro t t>0 t 
Proof: The first part follows from: 
i = s t o o 
Qe PL L+ x L*0. € A)> P (L €A,L, * 0 EA) 
- o 
I c a} xte) Ee EAP > "(AP (L € A). ; 
S 


In view of the first part and exercise (6.11) below, the second part 
will follow as soon as we show that there is a non-empty open interval 


J © (0,9) with the property that inf G.A)? 0 . To this end, first choose 
te 
1 
To > 0 so that QB) < Qe CO for all t > Ty and x EE . Next, note 


that since sup #,(B) > 0 and t > #{B) is super-multiplicative, there is a 
t>0 
T> To such that eB) »0 . Now fix Xo € E and note that 


1 : : D T 
qs > e B) »0 . Since t> L, is continuous (a.s., B. ), it is 


0 
clear that t > ql x (B) is 1.s.c. Hence there is a 6» 0 andan &» O0 
* 
0 
such that ql x (B) >€ for t €[T,T+6] . At the same time, 
5, 
0 
1 z 
Qc, C? = fq... (B)PC1,x9,dy) < MJ, (BPC. x, dy) 


n 
- 
© 
mm 
~ 
w 
— 
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Thus ol (B) > £/M for all t [T,T+5] and x cE . Finally, since 
t,x — € € 


H 
Qe 0? Zhe? for all t > To and x cE , we conclude that eO) > e/M 


f 11 t € [T,T46 
or a [ ] r 


(6.11) Exercise: Let f : (0,9) > [0,29) U {©} be sub-additive (i.e. 


f(s+t) € f(s) + f(t) for all s,t > 0 ). Further, assume that there is a 


non-empty open interval J & (0,9) such that sup f(t) <% . Show that 
tes 

lim L f(t) = inf L f(t) . An argument can be modeled on the proof of Lemma 

tro t t>0 t 

(3.11) 


We now define &(A) for A € C as follows: 


" o 
sup L log PLA) if (dist (B,A°)) A (sup @(B)) > 0 for some BEC 


£0 t oo * 
A(A) = 
-9 otherwise. 
Notice that 2(B) < &(A) if A,B € C and BC A . Define 


Lo mE) > [0,°) U {e} by: 
1) = -inf{2(A) : v € AEC } 
(6.12) Lemma: Ip is l.s.c. and convex. 


o 
Proof: Suppose that 1,00 >c . Choose A € C so that EA and 
ACA) < -c . Then -10 X 2A) < -c for all v EA . Hence 


ín: A > c) is open. Thus I, is l.s.c. 


Next suppose that MEAZ € M(E) and that v= E 2 . We want to show 
that I(v) < 1/209) * I(v5)) . Without loss in generality, we assume that 
o o 
I(v,) M I(v,) <% , Given AEC with v€4A , choose AyAy € C such 
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NY c 
that v, € A, and dist(1 2 , A7)» 0 . Since ICD v IO) €, 


A(&.) = lim L log 9(A,) > -> for i - 1 and 2 . Hence 
l t» t t 1 


e 


alias 2 6(A,)0(A,) > 0 for large t's ; and so: 
2t 2 =~ "el (^; , i 


A(A) = lim LL log @ (A) 
t>o 2t 2t 


> 1/2 lim (L log @ (A ) + L log  (A,)) 
= ihe, E tl t t: 


= 1/2(2(A, ) + 1A) 2 2G OQ) * 1,05» 


o 
Since this is true for every AEC with v€4A , we conclude that 


10 < 1/2(1 (9) + Ij v32 n 


(6.13) Lemma: Let X = (K(5):0 < &< 1} be a family of compact 
subsets of E and denote by me) the set of QE TOC mE) satisfying 
Q((v. : v(K(8)°) 26) <ô for all 0<6< 1 . Then, for each L>O there 
is a compact convex C(L) in ME) such that va] DE: c(L)) < yg nb 


for all n> 1 and Q€ m, (x) 


Proof: Let O0<e< 1/2 and 0 <6 <e be given numbers which satisfy 
€ log £/6 > log 2 . Define G(e,5) = (v € M (E) : v(K(8)°) <e} . Since 


v(K(8)°) < 8 + X[5,1 (05) ; 
n 
(E v € 6Qe,5) 
n] 


n 


a(d F v (QGCO)9) > 2e) 
1 


n 


l^ 


nr] c 
Q (2. X5, 1] C (CO ) > e) 


=w 
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Hence, by the same argument as was used to prove (3.33) , we conclude that 


for Q €UN(X) and n> 1 
R e/2 
Q'(L] w & G(2e,6)) < (6/e)" : 
nj k 2 


Now let L > log 2 be given. Set €t, = + for %&> 1 and define 


A 
7241/6, 
5, = Eye Then 
ney E -n4L 
Q t Yk & G(2e,,5,)) se 


for all Q e m OO » n21 , and 251 . Hence, if 
C(L) = (16(26,,5,) , then 
A21 
b -nL 
QP(L Y v &cQ2)) «2e 
n | k im 


for all Q END and n> l1 . Clearly C(L) is compact and convex. " 


(6.14) Lemma: Given s> 1 and a>2, define J ,: Q * UE) by 
, 


Pee ake 
a S 


2 
ios xp(X(t))dt » TER. 


E 


Then for each L > 0 there is a compact convex C(L) in ME) such that 
i n-l -nL 
PE DI. a” Oma € CCL) < 20 


x S 
m=0 " 


for all s>1,a>2,n>1, and x€E 


Proof: First observe that for any t > 1 and all Xp % EE, 
P(t,x,,*) [$ MP(1,x, 5°) . Indeed, since this is true when t =1, if t>l 


we have: 
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P(t,x,,T) = frC.,y,T)P(t-1,x, ,dy) 


l^ 


MP(1,x, T) 


Next, let Xo € E be a fixed reference point and define 
Q =P o (J ys . Then, since s» 1 and «a> 2 , it follows from the 
s,a X0 s,a - - 


preceding that for any n> 1 and any bounded measurable 


Fo: OWNED? > [0,2) 


P 
x 
sup E PEGI, a Ts a 81a 


)] 
n 
s,a 


, [Fw seee V )] 


< M'E 
- n 


Thus, in view of Lemma (6.13) , we will be done as soon as we show that there 
is a family X = {K(&) : 0 < ô< 1) of compact subsets of E such that 

aa :s>1 and a> 2}¢ m, O0 . But for given s>1 and a>2, note 
that 


Xo sta/ 


Q 
E S] 2 2g Tf 
a S 


2 
xp(XCt))dt] 


st+a/2 


=2 f P(t, xg Ddt < MP(1,xgT) 
m = 


Ss 


Thus, if we take K(6)CC E so that P(1,x9,KC5)*) < 8? /M , then for all 


s>1 and a>2 
c Qs a c 
Qs al Y(R) ) > 6) <1/8 E ^ [wK(50))2] <ô 


(6.15) Lemma: For each L > 0 there is a compact C(L) in %(E) such 


that 
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IA 


Tim L log(sup NOM € c(L))) < -L 


Tro T x€E 


Proof: Given T> 4, set a=T/[T/2] , n [T/2] , and note that 


-1 

Des r^ 2 

Lp = 20d 1 Gia * J 123a 8 c) 
n m=0 


Hence, if C(L), L>O, is as in Lemma (6.14) , then, since C(4L) is 


convex: 


1 
P Lg & C(4L)) 


L^y 
SAC D 


n m= 


1 
Jie e Oa å c(4L)) 
0 
à n-1 
* PG yes, e Ba $000 


< hexpl-4nL) < bere 


Proof of (6.9) with I = I, 


Introduce a metric p on m C) having the property that 


p(av, + (172)v,, u) £ ap(v,, i) * (-a)p(v,, u) . (For example let 
{f } 


1 
nl 


i= c CE) be a determining set of functions for convergence in c (E) ; 


n i | = 
normalize the fa S so that Mato (Œ) 1 


, and set 

e 
e(vyp) = L -|ftav - f£.as| .) Then, for any v € mE and €> O0 , the 

1 9h 
p-ball B(v,e) = {u : p(u,v) < €} is convex. 

We first prove the lower bound for open sets G in M(E) . To this 

end, let v €G . If Iy(v) = © , there is nothing to do. If Ipo) €», 
then for all €» 0 , X(B(v,e)) = sup i log (BC, €)) = liml log? (BC, €)) 


t»0 t t>o t 
In particular, if € > 0 is chosen so that B(v,e€) €G , then 
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-I,() s 4(B(v,e)) = liml loge (B(v,e)) < liml log(inf Q, _(G)) 
P 3 je t t 5 ESTE xcE t,x 
We next show that (1 XL) is compact. To this end, choose C(L) as 


1 
t,x 


(c(L)°) > inf Q (c(225) 


x€E 


in Lemma (6.15) , and note that sup Ql 
xCE t,x 


> inf Q. _(c(L)S) . Hence: 
= t,x 
xE 


-L > Tim L log(sup qi (c(1)5)) 
tro t x€E ud 


> lim 1 log(inf Q, (c(L)°)) 


t>o t x€E 


>- inf I (v) 
vec(L) P 


From this it follows easily that {Ip < L} © C(L+1) ; and therefore, since 
{Ip < L} is closed, it is also compact. 

We now prove the upper bound for compact sets K . Given 
c> Eos Iy(v) , choose a finite set IEEE €K and positive numbers 
NS >0 so that K s Uscy,.e) and A(BCv, 4€-)) <e , 1LKi<n. 


Clearly: 


Q xh) C N max Q, BOE) ; 


= 1<icn *? 


and there is a T > 0 such that 


1 
Q BOED) & Qg (5C 25) 


t, 


" 1 
<M inf Q (B(v,,2€.)) 
- ycE t,y l 1 
& M@ (B(v. ,36,)) 


for all t>T, x€ E, and 1<i<N . If max sup 9 (BC v, ,3€.)) 20, 
1<i<N t>0 
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Tim 1 log(sup Q (K)) = -<c . 
tre t x€E s 
If max sup 9309, ,6)) 20 , set J- (1X iN: sup e(BC ,€;)) »0). 
1€i«N t>0 coo t 


Then 


l log(sup Q 
t 


(K)) € max —} log(MNỌ_(B(v,,4e,))) 
x€E — t t L l 


tox ies 


for t>T , and 


B = lim 1 
c > L( (v1 s4e 5) dus log(? (BC v; ,46:))) 
for each i €J . Hence, once again: 


Tim L 1og(sup Q (K)) <c . 
tro t xæ tX 


Observe that, since sup ol (K) < sup Q, ,(K) , we now also know that 


xck * xcE Ux 
Tim l log(sup Ql ,(K)) < -inf 1,0) 
too t x€E ^" v€K 
for KCCÜ(£) . Now suppose that F is closed and choose C(L), L>0, 


as in Lemma (6.15) . Then: 


ql NOR ql QC c0 + qi eG?) 


By the preceding plus Lemma (6.15) , for any €> 0 we have 
oa (rnc) «ol (c5) 
t,x t,x 
& 2exp(-t((inf o) AL) 7 £)) 


veF 


for sufficiently large t and all x€E . From this it is clear that 
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1 


77, 1 
lim 4+ log(sup LES 


(F)) € -inf 1,(v) 
tro t xCE 


XF 


Finally, let F be closed. Given €> 0 , we have: 


sup Q, ,UO < sup qi c o 
x€E À xcE ? 


for sufficiently large t's . Hence, by the preceding, 
Tim L log(sup Q, (F)) < -inf I,(v) 
t t,x - ey P 
io x€E v€F 
for all €> 0. But, from what we already know about Ip , we have 


inf I (v) » lim inf I (v) (cf. remark (2.4) ). 
ver P co eto ver P? 


7. Identification of the Rate Function: 


We want to carry out the program outlined in section 5) , now that we 
know some conditions which guarantee the existence of a rate function. 
Throughout this section we will be working with one or the other of ‘the 
following situations. 

(D) (P. : x €E} is a discrete time, Feller continuous, time- 
homogeneous Markov family on Q = ET with transition function T(x,*). 
Define m: e, CE) > c, C by [no] (x) = foCy)a(x,dy) ; and, for each 


Ve € CE) , define Th, Cx) = eV (x) 


[no](x) . 


(c) (P. : x € E) is a continuous time, Feller continuous, time- 


homogeneous Markov family on Q = D([0,9);E) with transition function 


P(t,x,*) . Define LE C, CE) > c, CE) by [P6] (x) = fe(y)P(t,x,dy) ; and, 
for each V c c, (E) , let M denote the unique semi-group on 6, CE) 


satisfying 


t y 
(7.1) P =P +f Pp (VP )ds , t>0 . 
Qt-s s - 
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Let A with domain D(A) denote the weak generator of (P. :t»50). 


(7.2) Lemma: In case (D) 


(7.3) Tpx) = * "tens CT Va] ;9$€00 , 

for each V € C,(E) . In case (C) 

(7.4) PY o(x) = E "exp SEVEDA] » bEC ® , 

for each V c c CE) - Moreover, in case (C) , if A, denotes the weak 


generator of M :t20) , then A, has domain D(A) and Ayo = Ad + Vo 


for 6€ D(A) . 


Proof: (7.3) and (7.4) were proved in Lemmas (5.7) and (5.15) , 
respectively. To see that D(A) is contained in the domain of A, and that 


Ayo = Ad + Vo , one simply uses (7.1) to compute lim(Pr6-0)/t for 
t+0 
$ € D(A) . To prove that the domain of A, is contained in D(A) , one uses 


(7.1) to compute lim(P_¢-6)/t for ọọ in the domain of AY 
t 
t+0 J 
We next define A(V) , Ve c, C > by: 


lim L log( tnt i (D) 
ier og( In, ae in case (D) , 


(7.5) AQ) = 


lim L 1og( wv) in case (C) Š 
t» t t op = 


Note that the indicated limits exist in each case, since n > logini op? and 


t > log (IP?) are both sub-additive. Also: 


P 


n-l 
n ES . 
(7.6) Ingl op = "E [exp( ) wee M (i 
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and 


P 
V = . t 
(7.7) lPi lop 7 "E [erat vite ae ip 


(7.8) Lemma: The map À: C, CE) > Rl is continuous and convex. 


Proof: First using (7.6) and (7.7) , note that «| < IVi (E) 
b 


Next, from (7.6) and Holder's inequality, 


€ B a9 agn 079) , 
-— Vi op V op 
ev, «( 1-0)v 


I 
Pt 


Ine i 
9v, +(1-8)v, op 


for 90 € (0,1) and V Vo € c, CE) . Similarly, 


1? 


V 
y < IP 1,0 IP. e ja 8) . Thus A is convex. Finally, given 
op-— t op m 


2 
VV, € 0 (E) , set V= (V,-vi)/e where € = Iv, vle (gy Assume that 
0<e<1. Then, ACV) = aC (l-e)V, + g( V) <a- "n * EACV+V, ) ; and 


so MV) = Xv) € EAW A| + Xv» < Qm, +1) Iv, -V, I 


C, (E) 


1 «(E) ° 


Reversing the roles of MI and v, , we get 


V Wo i} +1) IV, -V,l «L3 


|, )-A(V >| < < (21V, | 1'e Œ 


1 pt (E) c (E) 


Now let M(E) be the space of all finite signed Borel measures on E 
* 
and define à :M@Œ) > [0,9) U (9) by 
* 
(7.9) a (v)= sup (fvav - AD) . 
vec, (E) 


* 
(7.10) Lemma: The map A is a l.s.c. convex function on M(E) (with 


* 
the weak topology). Moreover, à (v)=@œ for v € (E) 


" * o. 
Proof: As the supremum of continuous linear functions, A is l.s.c. 


and convex. 


* 
To prove that à (v) =œ for v € M(E) , first suppose that 
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v= v - v_ where v,,v_ E mE) and v *0 . Then there isa VE c, (E)* 
such that [Vdv < -l . Since A(-aV) <0 for all a>oO, 

* * 

a (v) > f(-av)dv - A(-av) >a for all a>0O . Hence A (v) = © in this 


+ s 
case. Next, suppose that v € M(E) and that vw(E) *1 . Then, since 


Mal) =a for all ae Rb, A'() > av(e) - a = (W(E) - 1a for all 


* 
ae R! . Thus, à (v) =œ in this case also. 


g 
We define J : ME) > [0,°) U (9) by: 


-inf{flog Tu dv : ug y) in case (D) 
u 


(7.11) J(v) = 
-inf{f Au dv : ueu N D(A)) in case (C) , 
u 
where uU = {u€ c, (E) : (fe > 0) ude} . We extend J to MCE) by 


setting J(v) =@ for vé MLE) . Since J is clearly 1.s.c. and convex 
on ME) and because ME) is closed and convex in ™(E) , J is l.s.c. 
and convex on M(E) . Our goal is to prove that d =J . Half of this 

equality is easy. Namely, given u€u (u€u N D(A)) , define n = “ieee. 


= — Au = = nus Vu = : 
A I) . Then aes u we 0) . Hence ve u P u) ; 
and, therefore, since u ? € for some €> 0 , it is easy to see that 
XQ) 2-0 . Hence, if v € TE) , then 


rv) > sup fv dav = sup(-f log ™ dv) = J(v) 
ucu ia ucu u 


G*cy) 2 sup fV. dv - sup  (-f Àu av) = J(v)) 
u€uaD(A) " u€ un D(A) u 
That is, 


(7.12) À >J 


The proof of the opposite inequality will require us to take an excursion into 
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some abstract convex analysis. 

Lemma (7.13) and Theorem (7.15) , which follow, refer to the 
following set-up. The space B is a locally convex, Hausdorf topological 
vector space over the reals; and B. is the dual of B . Given 
f: B>R U (9) , the epi-graph of f is the set epi(f) = {(b,n)€ B x R! 
u > f(b)} . The dual epi-graph of f is the set 


1 


epi C£) = {(b" ut) € B" x R £(b) > b'(b) - "d for all b ẹ B) . The next 


lemma is an immediate consequence of the preceding definitions. 


(7.13) Lema: If f: B>R! U {e} , then 


a) epi(f) is closed if and only if f is l.s.c. 
b) epi(f) is convex if and only if f is convex. 
* * 
Moreover, epi (f) is a closed convex subset of B x jl . Finally, assuming 
; * * 1 
that f œ , define f :B >R |J [s] by 


(7.14) f'(b ) = sup(b (b) - £(b)) . 
bcB 


*. E oe 
Then f is 1.s.c., convex, and epi (f) = epi(f ) . 
* 
The function f is called the conjugate convex function of f . 


H 


(7.15) Theorem: If f: BR !|íeo) isa 1.s.c , convex function 
* * k 
which is not identically equal to +œ , then f(b) = sup (b (b)-f (b )) for 
*o* 
b €B 

all bcB . 

Proof: We first prove that 

* * *ox* * 

(7.16) f(b) = supíb (D) - u : (b, )e epi (£D) . 


To this end, note that since epi(f) is closed and convex, 
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epi(f) = (1(H : Heg} where yw is the set of all closed affine half spaces 
in Bx R , containing epi(f) . (This is a corollary of the geometric 
form of the Hahn-Banach Theorem and can be found in most modern treatments of 
abstract functional analysis. See, for example, 
[Fnal. Anal., L. Schwartz]. Next, if H is a closed affine half 
space in B x R! » then H is determined by a triple 
(b p ue B. x R! x R! such that b”, p”) + {0,0} and 
H = {(b,E)€ Bx Rl: b" (b)- rs E< "a ] . Moreover, the triple (b od) 
is determined by H up to a positive multiplication factor. In particular, 
if H € X and H is determined by (b^ on) , then, choosing by € B so 
that £(bo) <œ , we see that b" (b) - pE < "u for all ë> £ (b>) . Thus 
o. 2.0. We partition Y into yt and m according to whether rd »0 or 
p 7*0 . For each H € x, there is a unique CTD € B” x jl such that 
H= (QE) : br) - E Cap) 

Note that vs Ø . Indeed, if Pal = Ø , then we would have 
epi(f) = {HH : Hew} . Since each Hex has the property that 
(b,E)c H for all Ec jl whenever (b,&)€ H for some Ec jl , epi(£) 
would have the same property. Since epi(f) #@ , and f > -œ , this cannot 
be. Hence, "E [7] 


We next need to show that 
. + 
(7.17) epi(f) = NH : Hew } 


Clearly (7.17) will follow once we show that for any Hy € we and 


(bg, 5g) € Hg » there is an H ew such that (bp, Eg) € H . To this end, 


* * * * * 
choose bo € BN {0} and Hy so that Hy = {b : by (b) KS Ho? x nl . Next, 


T 
choose H EY , and for A > 0 define 
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* * * 
Ha = {(b,&) : Ob, + 8g 209 - EX Ay + by? 


Then H, € i for each àA > 0 . Indeed, if (b,E) € epi(f) , then 
* * * * . 
bo (P) & Hg and Hg SES Hy . Next, since (bo, Eq) [4 Hy > 


* * * * E 
b.(b)» u, and so b, (b) - p can be made larger than E, simply by 
00 0 E 0 Hy 0 

taking à sufficiently large. Thus, for large enough A , (bp čp? [4 LN 


* * koe 
We can now prove (7.16) . Certainly, f(b) > supíb (b) -u : (b ,p)€ 


* sf: 

epi (£)) . On the other hand, if E < f(b) , we can find an HEY so that 
* * * 

(b,£) H . Hence, bj (b) -g> Uy This proves that f(b) < sup {b,,(b) 

* + + 
-mH EX} . But H €X implies that (b,f(b)) € H for all b 

: * * 
satisfying f(b) <% ; and so f(b) > by CO - Hy for all b . In other 
* k E + f 

words, (Ca € epi (f) for all H€X . (7.16) is therefore proved. 


*o* * *o* * kok k 
Finally, since f (b ) = inf{p : (b ,p ) € epi (£)) and (b ,f (b ))€ 
* * k 
epi (f) so long as f (b) < © , our theorem is an immediate consequence of 


(7.16) . 
rj 


[] 
c 


* 
(7.18) Theorem: A 


* 
Proof: We have already seen that A 5 J (cf. (7.12) ). To prove the 


opposite inequality, define i*o) = sup ([Vdv- J(v)) for v€ c, (E) . 
v € M(E) 
Since c, CO =M (E)* (cf. the proof of Lemma (3.37) ), 
Jv) = sup (fvav- sv). 
vec, (E) 


This follows from Theorem (7.15) if JE . If J^, it is trivial, 


. * t. * H 
since then J = -æ . Thus, if we show that J x X , then we will know 


that 
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r*(v) = sup(fvdv - A()) < 
V 


sup(fvdv - J'()) = JC) 
V 


* 
We will now show that J <A 


In case (D) , we proceed as follows. Given A> A(V) , set 


œ 
uj = I eM] . Then, since In) lo E) < Qe for some € > 0 and 


all large n's and ux > 1 , we see that uy € V. Moreover, 


u 
Tuy = e^t, -1) ; and so log AO. < à . In particular, 
"A 
u 
sup f log "WY dv <n 
ve M(B) uy 
We have now shown that 


. Tyu : Tu 
A(V) > sup inf f log —V— dv= sup ([Vdv*inf f log — dv) 
EM (E) u€ U u vÆ (E) utu u 


= sup (fvdv- v) = J50) . 
v @N(E) 


In case (C) , if X» ACV) we set u = fe trijat . Then, as in 


the preceding, u € U . Moreover, 


V As -At V = AS S -Atp V 
Puy Te Jie [P 1]dt e “(uy Ie [P,1]dt) 
and so u, € D(A) and AY = Au. - 1 . Hence AvYA XA . The rest is 
pos vp 
X 
just like the preceding.  [g 


(7.19) Corollary: If E is compact, then 
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(7.20) ACV) = sup (fvdv - J(9)) 
vem(E) 


* 
Proof: Since E is compact, e, CE =™M(E) . Therefore, (7.20) 


follows from Theorem (7.15) and (7.18) a 


Define {Q, x^ n? l and x€ E) in case (D) and {Q, gt > 0 and 
3 3 


x €E} in case (C) as in section 6) . Let I: M{E) > [0,°) y (2 bea 


rate function. We say that {Q, „nèl and xe E} (tQ, y 1t? 0 and 
, aa , 


x €E}) satisfy the uniform large deviation principle with rate I if 


lim L log(inf Q ,(G)) > -inf I(v) 
n xcE n,x vec 


(lim L log(inf Q 


(G)) > -inf I(v)) 
t>o t xcE Y 


E vec 


for all open G in ME) and 


Tim L log(sup Q0. _(F)) < -inf I(v) 
n>% N xcE n,x vcF 


(Tim l log(sup Q, ,(F)) < -inf I(v)) 
tro t xc DU VEF 


for all closed F in ME) 


(7.21) Corollary: Suppose that em : n2 1 and xc E) in case (D) 
or CA „it >0 and xç E) in case (C) satisfies the uniform large 
3 


deviation principle with some convex rate I . Then I = J . Moreover, in 


case (D) , one has, for each © ec, C , that 


Qux 
(7.22) lim sup|l log E "**[exp(n$)] - sup((v) - J())| 20 ; 
n>% xcE n v 
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and in case (C) 


Q 
(7.23) lim supil log E CX Lexp(t9)] - sup(®(v) - J(v))| =O. 
t>o xcE!t v 


Proof: Repeating the argument used to prove Theorem (2.6) , one sees 
that (7.22) and (7.23) follow easily with J replaced by I . Thus we 
need only show that I= J . But if (v) = fvdv , then (7.22) and 


* 
(7.23) , with J replaced by I, says that A(V) = I (V) . Hence, T= =J. 
Another useful consequence of Theorem (7.18) is the following remark. 


(7.24) Corollary: In case (C) , for each h>O define 


P 
XQ) = -inf f log( Jas , v€ ME). Then J, < bs. 
ucu u zi 


* 
Proof: Define AO = lim} logi(Co,) )? 1 . Then J =. 
——— no n op h h 


Suppose that we could show that XO) 2hX(V/hb), VE c, CE) . Then we would 
have: 


J (V) € sup(/Vdv - bA(V/h)) = BÀ*Q) = hO») . 
M 


To show that XO) > hÀ(V/h) , note that for any n> l and x€E: 


P h 
E “exe V(t) dt) ] 


P n-l | 
E *[exp( ) bv (XCkheth))at)] 
=0 


1 P n-1 
J E F[expC } hv(x(khsth)))]at 
0 k=0 


IA 
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1 P P n=l 
= JE “IE CCH) cept J hV(X(kh)))] ldt 
k=0 


1 
J Pen C) O Idt 


hV \n 
< «1C ) op " 
n-1 
where we have used the fact that Eoee EL > exp( y 2 is convex in 
0 
order to pass from the line two to line three. Hence 
V hV,n 
IER" od x 29] ) Yo y RH 2 l5 
and so 
s V a hV\n 
A(V) = lim —L loglüP' | — « À lim l logl((P,) "I 
noo nh g nh op —h as n g h op 
=l 
4 Ay ChV) 


Clearly, this is equivalent to NOD > hACV/h) . 


The main application of Corollary (7.24) is the next result. 


(7.25) Theorem: There is a universal non-decreasing function 


p: [0,°] > [0,2] such that p(0) = lim p(2) = 0 , lim p(A) = 2 , and 
A*0 Ao 
(m ar < p(J(v)) in case (D) 
vp, vi € p(hd(v)) in case (C) . 
var — Ad 
Proof: In view of (7.24) , we need only work in case (D) . To this 
end, first note that, for V € m CE) ; Iv 7 V5 lar = 2 sup {| [vàv,- Jvav, |: 


ve c, CE) and 0 <v <1} . Next, suppose that 2= J(v) €. Given 


ve c, (E) satisfying 0 X v «1 and &5 0 , we have: 
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J log(1 + emv)dv - f log(1 + ev)dv > -4 
Since xc (0,9) > log a is concave, this yields: 
log(1 + efvd(vm)) - f log(1 + ev)dv > -4 . 


But log(l+a) <a for a>0O and log(1 + ey) > y log(l+e) for all &» 0 


and ye [0,1] . Thus 
efvd(vn) > -2 + (log(1+e))fvdv . 
In other words: 


e(fvd(vn) - fvav) > -2 - (e - log(1+e)) vdv 


> -2 - (e - log(1+e)) 


since €- log(l+e) > 0 and [vav X1 . Noting that the same inequality 


holds for (l-v) in place of v , we have now shown that 


| {vac vm) - Jvay| < (& + (e-log(1te)))/e ; 


and so 
I vx- vil < 2inf(2 + (e-log(lt+e)))/e . 
Var — 
£»0 
Take p(2) = 2inf(4 + (e-log(l+e)))/e . n 


£?»0 
(7.26) Corollary: Let v€ (e . In either case (D) or case (C), 
J(v) = 0 if and only if v is invariant (i.e., we =v in (D) and 


Peai t>0 , in (0) 


Proof: The "only if" is immediate from Theorem (7.25) . To prove the 
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"if", set Eos fe v(dx) . Given V € e C » we have, in case (D) 


P. n-l n-1 PY 
log E [exp( ) v(x(m)))] > J E “[v(x(m))] = nfvdv 
0 0 


and in case (C) 
Py t t P, 
log E [exp C, V(XCs))4s)] > SE [V(X(s))]ds 


- t[vdv . 


(We have used here Jensen's inequality and the invariance of v .) Hence, in 
case (D): 


P n-l 
A() > Tim L log E "[exp( J v(x(m)))] > fvàv 
noo n 0 


and in case (C) 
E 2 
A(V) > Tim L log E "[exp(f V(X(s))ds)] > fvav . 
FR t» t 0 YT 


In particular, J(v) = sup([Vdv - A(V)) <0 
V o 


For purposes of identifying the rate function arising in non-uniform 
large deviation principles, we introduce a slightly different characterization 
of J . Namely, given V€ c, CE) , define 
sup lim L Log({ m1] (x)) in case (D) 

AA xCE noo n 

ACV) = 
sup lim L log( {PY 1] (x)) in case (C) . 
xCE tro t 

(7.27) Theorem: The function X: c, CE) > jl is continuous and convex 


eo ; * 
and satisfies A <2 . Moreover, J= (X) . 
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Proof: The convexity of X follows easily from the convexity of 
V > [mul](x)(v > [PY1](x)) for each n>1 (t >0) and x€E . The 
inequality X« A is trivial, and the continuity follows in the same way as 
it did for A. 
a i * * , ~ 
To prove that J - À , first note that J=2X < (Ñ) , since ACA 
* oo 
We now prove the opposite inequality by checking that J <A and therefore 
oko m 
that J= (2) > (A) 


In case (D), let VE C (E) and A> À(V) be given. For n>l, 


n 
2 P -\m, m 
define Uai = i e [m1] . Clearly X € c (E) and 
-(IVIeX) 
BE l*e . Thus UA €u . Moreover, 
_ A B “An, n+l 
Tug X =e CaA l1) +e ny 1] . Hence 
Tu emi n+l] 
vin, ee pois N . 
Un, Un, Una 
Noting that e Mp < emp] < ets a o we see that 
Un (x) : 
sup sup log " (x «o . Next, note that 
nl xÆ n,A 


ZU < eM ee HN a) 


Un, 


Since A > ACV) " eTA mm1] (x) >0 , x€E , as m>% . We therefore 


have that 


Tin log([ mu, n (x) /u X0 SA 
n? > 3 


for all x€ E . By Fatou's lemma, it follows that 


inf f 1og(W)av < Tim f 1og(Wnad)av < A 
ucu u n?o Un, 
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for all v€ mE) and A> X(V) . Hence 


* u 
J(V)» sup inf f tog (tay < XW) 
VE ME) ucu u 
In case (C) , let V € c, CE) and A» À(V) be given. For adil, 
3 n -At V 
define WA Ie P.l dt . Then uA € 6 (n D(A) , 
> -(HVH+A) d 
uA 2 e , an 
= " An, V 
ER EE E l + Pl. 
Hence, as €unD(A) and 
Ayu Pei at 
LLA Ki LLL. 
Un, Un, 


Since à > ACV) , and therefore e My" *0 pointwise, we will be in 


-An V 
P 
a position to proceed in the same way as before, once we check that = 
n,À 
is uniformly bounded above. But : 
n — -At,V -anm  -A(t-n),V 
(x) > e "P ldt De e P, ldt 
"nt = m t — HE t 
and for n-1l<t<n 
Va. nV IV, V 
[P 1] = [P, CP, D] Se [P1] A 


Hence 
-An -IVII, V n — -A(t-n) 
us AO 2e eœ [PaCS e dt 


-Civilefar = 
>e i i y An IPVI] (x) ; 
2 M o 


To complete this section, we see what can be said in case (C) when 


146 


(P, : t > 0} is symmetric with respect to some measure m . To be precise, 


we will be working under the hypothesis (S.C.) given next. 


(S.C.) Let (P. : x € E) and te. : t > 0) be as in (C). Let m be 
a non-negative Borel measure on E such that m(K) < for all KCCE and 
m is concentrated on a o-compact subset of E . Assume that for all 


be Lm) NCE) and t>o 
(7.28) Jor. dam = JyP, bam 


(7.29) Lemma: Given V € C,(E) , define (Pt :t»0) by (5.14). 


Then IPOH, — X exp(tIVi, (y) Hol , t>0 , for all 


i L' (m) L? (n) " 
$€€L (m) N c CE) . In particular, for each t> 0, P. admits a unique 


c, CE) 


continuous extension x as an operator from L^ (m) into L^ (m) . Moreover, 
EA is self-adjoint for each t > 0 and T :t>0} is a strongly 


continuous semi-group on L? (m) . Finally, if Ay denotes the generator of 


t 
oe Dom(A,) 


(i : t > 0) , then Dom C = Dom(Ay ) and Aye = Aye + Vd for all 


Proof: Note that for all K CCE and @ € Lm) n c, (E) 7 


2 2 2 
f. (P$) dm < f PL dm = fo P Xg dm 


< foam. 
Hence IPON, C10, — , O EL Mm NCE) . Using (5.14) , it is 
L'(m) L (m) 
V 1 
now easy to see that IP oll < exp(tivil iow > > EL (m) NC (E). 
Lm) T c, C? L^(u) i 
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Since 1 (mn) n c, CE) is dense in t^) , we have now established the 


existence and uniqueness of EX . Clearly, as an operator on L2 (u) > EA 


has norm bounded by exp(tivil, "E Moreover, it is obvious that fe? : t > 0} 
b 


is a semigroup which is weakly continuous on L2(u) . Hence, it is strongly 


continuous. 


To prove that EA is self-adjoint, first observe that EX is obviously 


self-adjoint. Next, from (5.14) , it is easily seen that 


(7.30) EA 


-0 t-y E 
Pe S Pe-e VP, ds » t>o , 


and therefore that 


* 
ta) )ós , t>0 , 


P 


-Vk x0 C0, WV 
Cy E LPs ve? 


* 
where GD denotes the adjoint of EM . Note that there is at most one 


measurable family Q, : t > 0) of operators on L2(a) satisfying 
At 


Q," 2 2 £e >» t2 0 , for some A € [0,9) and 
Hom(L^ (m) ;L* (m) ) 
=- 205 t-0, — 
(7.31) o EP SPs e-o) ,t»0. 


* 
We will know that cj - EA once we show that GT : t > 0} satisfies 


(7.31) . But to prove this, it is enough to check that 


V t V 
(7.32) Po Pe + JP (IP, )ds £ E> a 
But, by (5.15) 


P 
PG) =E * [exp (JVD du) OCR())] 
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P t 
P Òx) +E "LCexpC f V(xCu))du)- D 6(X(£)) ] 


HE: t 
P.O(x) +E Lf VEC expt J V(X(u) du) 6(X(t) )ds] 
s 


P P " 
O60 + J'E "tvaoe TOP pexpc vac) e(e-9)11as 


t V 
Po + f UP, (Po) 1 GOds 


Hence M : t > 0} does satisfy (7.32) , and so Dx is self-adjoint. 


Finally, from (7.30) , note that if EM denotes the resolvent of Av 


A 
W.z0 .X- | a0 
for A> Wie CE) , then R, =R + EN (VR) . Hence 


Range(Ry) c Range(R, ) . On the other hand, starting from (7.32) , we see 


that R = [ME x ° (VR) ; and so we conclude that Range(R.) = Range(R?) 
A A A A A A 
! T -v ; 
for > Tee) . Since Dom(A,,) = Range(R, ) for all A> IVg (Œ) , this 
proves that Don(A, ) = Dom(Ap ) . Further, directly from (7.30) , it is 


clear that if o€ Dom(A) , then p = Hin (Pe ¢-9)/e = Ay + Vo. 


In the future, we will usually use the notation T and A in place of 


Dx and A, , respectively. 


For V EC, (E) , define 
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(7.33) As(V) = 1/2 lim l 1ogtPY A j ; 
t>o t Hom(L* (m) ;L^ (m) ) 


Using (ET :0£€ R1} to denote the spectral resolution of -Ay , we see from 


Noting that EY 70 for c L-A (V) , we see that 


zN -0t V 
7.34 P = dE 
( ) E ia en, E 
and 
(7.35) A = -J ode 
[-A,(0),9) 5 


In particular, 


: 6€ D(A,) and Hol, 2-1) , 


AGO? = EAP S es 


(m) 


and so 


2 


Kk) = supt JV) Ay) mlay) +C, A 9, ; $ EDA) and toll = 1} 
L” (m) L' (m) 


Next, define the Dirichet form € by: 


(7.36) NOR ET J Et) , b ei Gi) 
Then, &(6,0) = -(6,A6) 2 for 6$ € D(A) . Moreover, if 6€ i^ (a) , then 
L' (m) 
e(P.6,P.0) = foe ?9ta(g 6,0) + & 6,0) Thus 
EE 0 g^? ? . 


(7.37) ASCD = sup {{V(y) 6(y) °m(dy)-€( 4, 6) 2 : Mon, = i} 
L*(m) L^(m) 
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(7.38) Lemma: For each t > 0 , define 
(6,09) = l(6 - P 6,9) : 
E (6,0 d tD 9G) 
Then e,(, 0) & elg, o) and &,(6,0) *t(6,0 as t +0. Moreover, if 
m, (dx x dy) = P(t,x,dy)m(dx) on E XE , then m, is symmetric (i.e. 


m, C4, x T) = LAC x T) ), m. (E x D) < (T) for all T€ B. , and 


(7.39) — te (6,6) = 1/2/(6G)-9G0)7n, (ax x dy) + fü-o (DA may) , 


m. (Exdy) 


where s. G) = ae Crs 


can be chosen so that 0 < 9. £1 


Proof: To prove that e(6,$) = lim E (6, 0) ; first suppose that 
t+0 


£(6,0) <% . Then, since (17e 95) e <o, 020 and t>0, 
£(6,0) = lim E ($0) by Lebesgue's dominated convergence theorem. On the 
other ae Fatou's lemma, (6,6) < lim E (4, 0) . Thus &(6,0 = œ 
implies lim eCo0,0) =o 2 

tv0 


Next note that for 9,¢ € La) n e (E) 
feGO 9n, (dx x dy) - JOP dam = I AT = Joly) Gm, (ax x dy) 
Thus m, is symmetric. Also, if € jn e, C* , then 


fé Gm, CE x dy) = JP o(x)m(dx) < [é(y)m(dy) . Hence, m, CE x dy) < n(dy) . 
Finally, to prove (7.39) , first note that both sides are continuous 
with respect to i? (m)-convergence. Thus, we need only prove (7.39) for 


c il) n e, C . But then: 


te (6,0) = JCO-P 6) ddm 
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= [e^ Gon(dy) - [eG 6G), (ax x dy) 
= fe^ (y)utay) + 1/2f (oCx)-6(y))?m, (dx x dy) 


- fo, (y)6¢y)?m(ay) 
o 


1/2 1/2) 


(7.40) Lemma: 6 > e(6 is a 1.s.c. convex function on 


t aj" , and 


1/2 42). $ €Ll(m)* and 161 pou 
L (m) 


(0.41) A (V) = sup(fVG) o(y)m(dy) - eo 


Proof: Since d > e(,%) is l1.s.c. on L? (m) , it is clear that 


1/2 1/2) l.s.c. on L! (m) . Moreover, from (7.39) , it is 


o> elp 
clear that eu. |op & «G0 for all t » 0 and @ € L (m) . Thus, from 


(7.37) , 


ACV) = supt/vGO 9G In(4y) - elpo) : G EL? and noi, - 1) 
L^ (m) 


Clearly this is equivalent to (7.41) . Finally, to prove that 


1/2 gt /2) is convex on L! (m)* ; it suffices to check that 


o> e(6 


TARTA is convex on Li (m) t for all t > 0 ; and, since 


o> e, C 


1/2 ¢1/2) 


o> e, C£ is 1l.s.c. on Ll«)* ; all we need to do is check that 


ES ate, «^2, d 1/2 «1/2 


) + B. (6) 


4 
pOr a SOME But 


2 


$;*651/2. (91*951/2 2 2 
e (2) (AAV? y = vae c e V? 0 ee M?) , 
and, by triangle inequality for Re 


yi/2 


1/2 
te (Co, + $5) Gi + by )'*) 
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1/2 1/2 


1/2166, G6, G7 - ce GO#060) ^] m, (axe x ay) 


* fa-o.(y) Co (y+ (y) )m(dy) 


l^ 


2t, 601 0, Go 172. 0173-9, 122) 727g (ax x ay) 


* fo, (2)6 Cym(dy) + fao, (y)) 0, (y)mldy) 


1/2 ,1/2 1/2 ,1/2 
te, CQ IA ) + te C» 2) n 


Now define J, : m,(£) > [0,2) U {2} by 


^ if v fh, CE) or VvE mE) but v Km 
(7.42) J0) = 


dv 1/2 dv 1/2 
e) x) ) if v€ ME) and v Xm 
Clearly, by Lemma (7.40) , v > JO? is convex and 
* 
(7.43) ^o = J, 


If we knew that Js were ]l.s.c. on M(E) , then we could say that 


* 
Jo^ ^o . What we are going to show is that, under an additional hypothesis, 
not only is Jo l.s.c. but, in fact, Jg7 J . We will then have that 
* * 
X J =J=À 
c o 


(7.44) Theorem: For all ve ME) , Jv») & 3400 . If v € M(E) and 
VP. «m for all h>O, then J4O? = J(v) . Thus, if vP, <m for all 


h 
* * 
v € M(E) and h> O0 , then Jg? J and so AQ Std * 


Proof: To see that J(v) LI for all v , we will assume that 


NER 


v € (E) , v €&m , and e (£ where f - JY. Given uécWnD(A) 
m 
1 dm 
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i = - Au pus u = 
define V. AN Then P, Jie dE, , where X KO and 


(g^ ` o> A? is the spectral resolution of “Ay . If AK ^ » we know 
u 
that E^ - E #0. Thus there is a 6 EL! (m) N C (E) such that 
u 
V 


(E",.- EY) #0. In particular, lim l log(6,P, "5) >A. At the same 
-À -À — t 2 Eg 
u poe t L' (m) 


time, we have already seen that XQ) = 0 (cf. the proof of (7.12) ); and 


clearly 


Ec V 
($,P, $) 2 < toll Holl 


i ug . 
L (m) L (m) 


IP 
c, (E) t op 


Thus, à <0. We now know that ^ <0 . But this means that Ay <0; and 


u 
so: 
(4,4, q) «0 
Me deo 
for all 4 € D(A) . In other words, we now see that: 
Au q2 
elp, 4) > -f AY gdm 
u 
—— A e — 1/2. 
for all 4 € D(A) and u€ Uu . Choosing {by € D(A) so that ore in 
L^(n) and e(b 9) > cel/2 1/2, (e.g.. d.c D E , we conclude that 


e (E172 £12) 2 f - Àu dv for all uma). 
u 


Next, assume that v € m (E) » ÀA82J(v)) <% , and that ve €m for 


all h>0 . Since, by Theorem (7.25) , WP 7 VI ar *0 as h+¥0, we see 


that v &m. Set f. . By Corollary (7.24) 
m 
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P u 
J log I- dv > -h4 
u 


for all u €uù . Since log(l-x) < -x for x € (-*,1] and because 
u-P u 
h < l1 , we have that 
u 
u-P,u P u 
-[ — dv > f log I dv > -h8 
u u 
for all u EU . In other words, 
u-P u 
sup f h fdm < hd 
ueu "U 


Given n> 1 and e> 0 , choose {u,} e C, CE so that e <u, <n+e and 


Uk > gl/2, n+ € in m-measure. Then we get, from the above, that 


1/2 1/2) 35 


Í 


^ BP, (£ 


fdm < hà 
1/2 - 
fOUA 


nt t£ 


for all n?» 1 and £50 . Note that 


1/2 1 
o< fi An £< £ EL (m 
LU x 2D 


f Ante 
and 
= 1/2 
P, (£'^A n) 
o< a ^7 e « cp el, A gy cel? £) 
— A/2 — h n 
f ante 
< R VEE t a) 
for all n>1 and £5 0. Thus, by Lebesgue's dominated convergence 


theorem, we conclude that: 


fet? - Pee am € hA 
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1/2 1/2. pi/2 


el? ) = lim e£ 
h+0 


Hence ¢(f LA 


8. Some Non-Uniform Large Deviation Results: 


Thus far we have a quite satisfactory theory of large deviations for 
Markov processes under the assumption (6.1) , in case (D) , or (6.8) , in 
case (c) . Unfortunately, when E is not compact, such an assumption will 
not be satisfied, except in very special situations (e.g. the Sanov theorem). 


For example, let E = RÌ and P(t,x,dy) = give “Syne Cx ay , where 


71/2 exp(-E?/28) . Clearly, the associated process (i.e. the 


g(s,E) = (2ns) 
Ornstein-Uhlenbeck process) has strong ergodic properties and one ought to be 
able to study the large deviation theory. At the same time, it is equally 
clear that P(t,x,*) fails to satisfy (6.8) , and therefore the theory 
developed in section 6) is not applicable. Of course, the reason why 
section 6) cannot handle this process is clear; namely: when section 6) 
applies, the resulting large deviation principle is uniform, whereas one 
should not expect a uniform principle to hold for the Ornstein-Uhlenbeck 
process. Indeed, one can hope for uniform large deviation principles only in 
the presence of uniform ergodicity. 

There are several ways in which one might try to handle situations in 
which (6.1) or (6.8) fail to hold. One approach would be to attempt a 
variation on the theme of section 6) and seek a convex rate function 
I: m(E > [0,°) U (9) such that, in case (D) 


lim Tim L log 8 me?) < -inf I(v) , F closed, 
noo n vcF 


li m 1 log ds. ®© > -inf I(v) , G open, 
n veg 


156 


for all x € E ; and the analogous result in case (c) . As a consequence of 


Theorem (2.6) , one would then have that 
~ * 
Mv) =I (V), V € C (E) ; 


and therefore, by theorem (7.27) , one would know that 


Unfortunately, at the present time, the details of such an approach have not 
been worked through. Thus, we will adopt a different tack, more along the 
lines of the one used by Donsker and Varadhan in their original paper. This 
approach will yield quite satisfactory results for the upper bound (i.e. for 
closed sets), but will give us a lower bound only for symmetric processes., 

As we have just pointed out, Theorem (7.27) tells us that if there is a 
convex rate function I , it pretty much has to be J. Thus, it is 
reasonable to see how well one can do by just guessing that J is the right 
rate function and seeing if one can make it work. The procedure which we are 
about to use is essentially the same as the one with which we proved the 
original Cramér theorem (cf. Theorem (3.8) ). We begin with a very general 


result. 
(8.1) Theorem: Let C be a compact subset of M (E) . Then, in case (D) 


Tim 1 log(sup Qa (c)) < -inf J(v) ; 
neo N xcE zn vec 


and, in case (C) 


Tim L log(sup Q 


(c)) < -inf J(v) 
tro t x€E 


t,x vec 


Proof: Set = inf J(v) Given €? 0 , choose, for each 
vec 
v € c CE) so that 


(This can be done by Theorem 


open neighborhood B, of 


Select a finite number N 


in case 


(D) 


sup [v du - 
LEB [y 


of Viri €c 
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fv. dv - AV) >- . 
v v= 


(7.18) .) Next, for each 


V so that 


fv av| Ke 
v 


N 
so that CG UB, 
1 


veC,a 


v €C , choose an 


Clearly 


Tim L 1og(sup Qa XO < max Tim 1 log(sup Qa mae: y )) 
n»o N xcE nx 1CiXN noo n x€E nx i 
and, in case (C) 
Tim L log(sup Q (c)) < max Tim l log(sup Q By )) 
t»o t xcE X 1<i<N tom t xee OX Yi 
But for v€ C 
n-1 
sup Qo yB) € sup E *Texp( ] V (X) , L € B] 
xcE Ba xcE 0 V 
x sup exp(-n fv (y) u(dy)) 
uEB 
v 
P n-l 
X sup E *lexp( J V (X(Q))) Jexp(-n fv, Cy) v(dy) + ne) 
x€E 0 


Thus 


" 


Wy. Mog exe Conf GO vay) + ne). 
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zb 3 
ue a log d a ag AW) Jv, (y) vay) +E 


< -2 + 2€ 


A similar argument applies in case (C) 


a 

In order to remove the restriction to compact subsets of My (E) , we 
need to impose some more conditions. 

Given a map A: c, CE) > La ; we will say that A is tight if for each 
M<% there is a K(M)CCE such that jao | < 1 whenever VE c, (E) 
vanishes on K(M) and satisfies Vig (Œ) <M 

In the following results, we will be using some new notation. Namely, p 
denotes a topologically equivalent metric on E with the property that (E,p) 
is totally bounded. E denotes the completion of E with respect to p. 
Clearly E is compact. Moreover, because E is Polish, E is a dense Gs 
subset of E . Denote by C(E) the space of p-uniformly continuous 
functions of E into RÌ . Then ve c(R) > V g is an isomorphism from 
C(É) onto cŒ) . Finally, if v € m (E) , then, because ECR, , 
v= 9v, + (1-9)v, where 0 € [0,1] , v,E%(E) , and vE m CE) with 


AS =o . 


(8.2) Lemma: Let A: C, CE) > jd be a tight convex function satisfying 
AQ) & AW,) whenever Vj,V, € c, CE) satisfy V, £v . Further, assume 
that A(cl) =c for all c€ R? . Then A is continuous. Moreover, for 
each £> 0 and 0 <M<%œ, there is a K(e,M)C CE such that 


A(v, )-ACv,) < € whenever VV € eG) satisfy V, = V, on K(£,M) and 


159 


lv, tl Viv, tl 


1 c (E) 2 c (Œ) <M Next, define 


I(v) = A*(y) = sup{fvdv - A(V) : v € €, (E)} 
for v € "(E) and 
IO) = suptfvav - AO] a) : V € cC) 


^ 


for v € nE) . Then, (v € nE) : I) S$ LICEM(E) for all L » 0 and 


I(v)  I(v) for ve m(E) . Finally, A(V) = I'(V) for V € C(E) and 


there is a vy Em (E) such that IO)? 0 


Proof: Let VV, € C (Œ) be given. For 98 € (0,1) , 


v,-C1-8)v, 


z ) . Thus, 


v; = (1-0)v, + e( 


v,-(1-8)V, 


) 


AW) € C-@)ACv,) + eA( 


2(V.-V 
< Q-0)AG,) + Sea") + A(2V,)) 


Thus, for all 9 € (0,1) and VV € e, C) 
2(v -V) 
P 8 l a 
(8.3) AQ - Ay) <$) + 9(1/2AQV,) - AQ) 
Note that for all V € e (E) » Atv) < AC Ilo Gay)? = Wie CE) . Also, 


for Ve C, CE) , 0 = A(01) = A(V-V) < (ACv)+A(-V))/2 ; and so, 
b 2^- 


-AQ) < ivi Thus, [A0] < lvl Using this in (8.3) , we 


c CE) ey CE) 


AQ) - ACV) SAC (a) * 20v, Ie (E) 


for all © €(0,1) . Letting 640 and exchanging vi with V, , we 


2 
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conclude that 


(8.4) AQ) - AQ») < Iv, -V [ 


2 Q (E) 
This certainly proves that A is continuous. 


Returning to (8.3) and using the preceding, we see that 


for any 9 c (0,1) and Vp, € c, (E) . Hence 


9 2|v,v;| 
AG)-A(2)| < Aal) * Ovi a œ V. Walle, ()) 


Given € > 0 and OXM<©@, take 0- AT and K(e,M) = K(4M/0) . If 
+ 


VQ * V, on K(e,M) and A lo Œ) v Iv, le Œ) <M , then we have: 


AQ,-AQ,)| < —E- n 


E CE. 
8M+2 2 


Since A(cl) "c for c€ La ; it is clear that I(v) = » and I(v)=œ 
unless v € M, CE) and v € m CE) , respectively. Next, suppose that 


V EM (EN M(E). Then v= (1-0)w + Ov, for some 0 € (0,1] , v, € MCE) 


1 
and v€ ™ CE) with vy (E) =0. Since E isa G, in E, ENE is the 
countable union of compact sets. Thus, we can choose K CCENE so that 


v9 (K) »0. Given OXM.^» , we use the Tietze extension theorem to 


construct a V, € C(E) and that VQ 7M on K, Ví70 on K(M) and 


^ 


0 S Ya SM on E . Then: 
1(v) > fv,dv - AG.) 


295-1. 
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Letting Mte , we conclude that Iv) ae 

We now know that 1) =o unless v € m, CE) and that I(v) = e 
unless v Em, (E). For v € m (E) ; it is clear that Iv) < I(v) . Next, 
suppose that v € m (Œ) and that I(v) < ©. Given €> 0 , choose 


Ve c, C so that 
Jvav- Mv) > 1t) -e . 


Set M = IVI and choose KCCE so that K(e,M)S K and v(K*) € EM. 


C, CE) 
Use the Tietze extension theorem to construct a VE C(E) so that V=V on 


K and ji XM. Then [Ac |p) | v | [vav- fva v| € € . Hence 
1) > fav - AQ] > IO) - 3e 


A similar argument applies to the case when I(v)-»9. Thus, I =I on 
m CE) ; and so I xd on ME) 

We next show that (v EM, (E) : IQ) S$ L}CCM (CE) for all L>O. In 
view of the preceding, this reduces to checking that (v € m CE) : I() < L} 


ec m CE) for all L>O. But if v EM (E) and I(v) < L , then for all 


O<M<% and V €C (E) satisfying V=0 on K(M) and IVI <M 
b c, (E = 
[vàv - 1 < fváv - AV) <L ; 
and so v(K(M)°) eu . In other words, {v € Mm (E) : I(v) <L} is 


contained in the compact set 
(v Em (E) : vRS) <I for all O0<M<%} . 


Since I is l.s.c., this proves that {v € M(E) : I(v) < L} is compact. 


* z 
We finally show that I (V) = A(V) , Ve C(E) . From our knowledge of I 
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x ^ x repo. ih 
and I , it is clear that for V €C(E) : I (V) = (I ) (V) = sup{{Vdv-I(v) 


v em (E)} , where V is the unique element of C(E) satisfying V= v| 


a 


E 


At the same time, 1 = A)" , where AQ) = AG. d for v € c(E) n Since 
mE) is the dual of eL) ; Theorem (7.15) tells us that ns Y 
Combining these, we see that ACV) = 1*0) for V€ C(E) 

The existence of vg such that I(vg) = 0 is derived as follows. Since 
1 = A(1) = 1*0) » for each n> 1 we can find a Va € m CE) such that 
1-1.) = flava - IO) >1- 1/n . Hence IO) €£1/n, n51. In 
particular, wis {I < l}ec m CE) . Let vy be any limit of ivy 
Since I is l.s.c., I(vp) =o . o 


(8.5) Lemma: Let I :M@Œ) > [0,9) U (9) be a l.s.c. function 
satisfying {v € M(E) : I(v) < 1) cc M(B) for all L>O and for which 
there is a Vo € m (E) such that I(vg) 7-0. Then ire c, CE) > ru 
satisfies all the hypotheses of Lemma (8.2) . In particular, if 


* 
A: c, C > pR! satisfies the hypotheses of Lemma (8.2) and I=A  , then 


* 
A=I on the whole of c CE) 


Proof: First, note that if V £v, , then 


1 


v = sup (fV, dv - I(v) : v € JUOD) 


l^ 


sup (fV, dv - I(v) : v EGO) 


* 
I (v,) š 


* * 
Thus I (V) «I(V) if Vi < Vv . Next, 
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I'(e1) = sup{c - I(v) : v € m C) =e , 


since Ivo? =0 and I(v)> 0 for all v € m CE) 
To prove that rai is tight, let 0 <M <œ be given and set 
C = {I < 2M} . Then ccc, (E) and so we can find K(M)CCE so that 
v(K (M))°<1/M for v EC. Given Ve c CE) satisfying V = 0 on K(M) and 


Wile (8) <M , we have: 


1*0) = sup(fVdv - I(v) : vec} 


V sup{fvav-I(v) : v€ m CEN c} 


sup{Mv((K(M))°) : v € C) v (-M) 


l^ 


<1 


* * * 
At the same time, -I (V) < I (-V) for all V € c (E) . Hence fr e» | <1 


<M 


for all Vec (E) satisfying V=0 on K(M) and Wi Œ $ 


* 
Now suppose that A is as in Lemma (8.2) and that IT=A . By 


Lemma (8.2) , I satisfies the hypotheses of this lemma. Thus, by what we 
* 

have just seen, Lemma (8.2) applies to I as well as A. In particular, 

for each € >0 and 0 <M<%œ , there is a K(E,M)CCE such that 


* * RUN 
I (v) - I (,)| M [AG - AW,)] <e for all Vp, € c (E) satisfying 


Vv, =V on K(e,M) and ivi M AL Now choose any 


<M 
1 2 1 €, (E) c, (E) = 


ve c (E). Set M= IVI and for each n > 1 use the Tietze extension 
b „Cp C2 = 


^ 


theorem to construct a Va € C(E) so that Va =V on K(l/n,M) and 
x x » 

IV ll .,^ = d y = 
Wiley <M Set V. Vale By Lemma (8.22 , I (Vp * AV) , 


* * 
n> 1. On the other hand, jr Va) -I | V jaw) - A(V)| < 1/n . Hence 
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* 
I (vV) = ACv) n 


(8.6) Theorem: Assume that X is tight. Then: J is a rate function, 
there is a Yo € ME) for which JC v9) = 0 , and X= a . Moreover, in 
case (D) 

sup Tim L log Q _(F) < -inf J(v) 
xcE mo n nX NEF 
and in case (C) 


sup lim i log Q 


QUO < -inf J(v) 
xEE t» t 


t, VEF 


for all closed F & 7 (E) s 


Proof: Since, if it is tight, X satisfies the conditions of Lemma 
(8.2) and because, by Theorem (7.27) , J = OY , the first part of this 
theorem follows immediately from Lemma (8.2) and the second part of Lemma 
(8.5) 

To prove the second part, define 3) - sup (JVav-XCV| ) : v € c(E)) for 
vem» . Given a closed Fc m(E) , let F be the closure of F in 
nE) . Then FC om (E) . Repeating the same argument given to prove Theorem 
(8.1) (only this time, do the covering in E and use ve C(E) ), we arrive 


at the desired inequalities with inf J(v) replaced by inf J(v) on the 


vEF aa OVER 
right hand side. Finally, by Lemma (8.2) , inf J(v)= inf  J(v) ; and 
^ ^^ vcF VEN ME) 
therefore, since F =F N mE) » inf J(v) = inf J(v) . 
VEF ver q 


~ 


In order to develop a criterion which guarantees that à is tight and, 
at the same time, tells us when we can make the estimates in Theorem (8.6) 


uniform (at least locally), we need the following simple lemma. 
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(8.7) Lemma: Let @: E> jl be a function which is bounded below and 
has the property that for each L > 0 the set {xe E : Ox) <L} is 
compact. Let I' CE. In case (D) , the condition 

P n-1 
(8.8) sup sup E "[exp( ) &(x(m)))] < » 
n^l xer 0 


guarantees that for each L > 0 there exists a C(L)C Om CO such that: 


(8.9) Tim Liog(spQ (c(105))«- . 
pes n "n 


In case (C) , the condition 


P t 
(8.10) ` sup sup E "[exp(| &(X(s))ds)] < e 
t>0 xe 0 


guarantees that for each L > 0 there exists a C(L) E € M(E) such that: 


(8.11) Tim l log(sup Q, ,(C(1)5)) < -L 
tro t xer tX 


Proof: We work in case (D) , the case (C) being essentially the same. 


Choose Lj € (0,9) so that P» -Lọ and set Ys G+ Lo . Then 


Pi n-l nly P n-1 
E *[fexp( jJ ¥(x(m)))] =e "E *fexp( } ®(x(m)))] , 
0 0 


and so there is a C <% such that 
P. n-l nL 
sup E *[exp( ) ¥(x(m)))] < Ce » n>1. 
xe. 0 


Given M € (0,”) , set K(M) = {x € E : Y(x) «x . Then K(M)CCE and 


sup Q XC : (RKS) > 


l) 
xcer d M 
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P n-l 
K sup gg *Texp( ] Y(X(n)))] 
x 


-nOCcLo) 
< Ce » n21l. 


eo 


Hence, if L € (0,9) and C(L) = Mi{v: vw(K(i314L,09) < LL) , then 
2=0 0U = LL 


c(L) ce mı (E) and 


sup Q, ,C 025 
xc o^ 


< Y supQ, (Or : VERCH) > 3)» 


-0 xer ™ T ML 
Lv -nt C L 
< ce? y e™ = e? >» adil. 
=0 l-e”! g 
(8.12) Theorem: Let © be as in Lemma (8.7) . In case (D), 


condition (8.8) guarantees that 
(8.13) Tim L log(sup Qa xP) < -inf J(v) 
me N xq” v€F 
for all closed F in m CE) ; and in case (C) , condition (8.10) 


guarantees that 


(8.14) Tim L log(sup Q. (F)) < -inf J(v) 
tre t xep c veF 
for all closed F in 7N(E) . Finally, in case (D) , if, for every x cE, 


(8.8) holds with T = (x) , then X is tight, and, in case (C) , if, for 
every x €E , (8.10) holds with T= (x) , then X ids tight. In 


particular, in either of these cases, the conclusions of Theorem (8.6) hold. 


Proof: Again, we need only work in case (D) 
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Assuming that (8.8) holds, and given a closed F in mE) , for each 
L> 0 choose C(L) c c mE so that (8.9) holds. Then 
log(sup Qa xP) < log(2[sup Qa EN C(L)) V sup Qa C00) ; 
xao xel ^ xer 7 
and so, by (8.8) and Theorem (8.1) 
Tim l log sup Q. _ (F) 
neo N xcr Bx 


<-( inf J(v) AL) 
veF NC(L) 


< -(inf J(v)A L) 
SU "ier 


Letting Lfe , we get (8.13) . 
Next, suppose that (8.8) holds when T = (x) for every x €E . Given 

xe E and ME (0,9) , choose C(L) c cm CE) so that (8.9) holds when 
T = (x) and L= Mtl . Choose K(M)CCE so that v(K(Q07) < 1/M for 
v €C(L) . Then: 

P n-l 

x 

E "[exp(M } x ,(x(m)))] 

0 K 


gene e™o (cQ.)5) 
n,x 


Since Qa ,CO9 BS eM for large n's , it is clear that 
> 


P n-l 
Tim l log E l"[exp(M J x MOSCODPE <i. 
n>% N 0 K 


Since we can do this for every x€ E , we now see that if V € C, CE) 


vanishes on K(M) and if VI <M , then AO) <1 
c (E) = = D 
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(8.15) Exercise: Let ©: ER be given. In case (C) , show 


that (8.10) holds if there exists a sequence jue D(A) such that: 


Au 
u > € for some €» 0 and all n , sup supu (x) <% , and - —B» 6 
n= n 
n>l xf Uri 


point-wise. (What is the analogous criterion in case (D) ?) Next, suppose 
2 sd ; 2,,d 2, d 
that E= R and that D(A) contains the space co (R ) of ecc (R) 
having compact support. Further, assume that for 60€ co^) >» AdO=LO, 
where L is a (degenerate) elliptic operator 
d^ x: 2 dg 
1/2 ) aa) -+ Jb (x) 
i, j=l x: = i=l 9x: 
having continuous coefficients. Show thát^ (8.10) holds for every Te eRe 


as soon as there exists a uniformly positive u€ c? (a3) such that 


-lu-56 
u 


From now on, we are going to restrict our attention to the case (S.C.). 


(8.16) Lemma: Assume (S.C,) with m € m, (E) . Also, assume that J, 


is a rate function (i.e. G, £ LE Ce mE) for all L5» 0). Then A, is 


tight, Ao - J > J5 Xt , and for all closed F c m{E) 
(8.17) Tim 1 log Q, (F) < -inf J (v) , 
tre t nmo miye n 
where D = JQ, mx) . Next, add the assumption that P(t,x,*) «(m for 
all t ^0 and xcE . Then J= Jo ^ and so the preceding statements 
hold with J replacing Js . Finally, add the assumption that for each 
x€ E there is a T? O0 such that p(T,x,*) duc L?(m) for some 
q €(1,°] which is independent of x . Then, carr tight and =A . In 


o 


particular, Theorem (8.6) applies in this situation. 
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Proof: By (7.43) , we always have that A, = Jg + Thus, if J, isa 
* 
rate function (and therefore is 1.s.c.) Jo = ^o follows from Theorem 
* 
(7.15) . Also, if Js is a rate function, then, from At Jj and the first 
part of Lemma (8.5) , we will know that A, is tight as soon as we show 
2 = 

that Js (vg) 0 for some Yo € M(E) . But l€ L' (m) and Pl el, 


1/2 11/2 
3 


t>0 . Thus e(1 )=0 , and so Jm) 70 . Once one knows that 


^o is tight, the proof of (8.17) is precisely the same as that of Theorem 
(8.6) . 
Next, suppose that P(t,x,*) «Xm for t» 0 and x €E . Then, by 


Theorem (7.44) , J= Joo- 


Finally, to prove the last assertion, we need only check that A is 


tight under the stated hypothesis. Indeed, if à is tight, then by Theorem 


~ * ~ * * 
(8.6), =J and so XFIT = J7 ^s . Since As is tight, to prove 


that ' is tight, it suffices to show that A(V) < l/« A (0V) for all V € C, (E) 


and some « € (1,9) . To this end, let x€ E be given and choose T > 0 


so that p(T,x,*) c L (m) . Then, for any VE C (E) : 


P t 
Tim L log E *[exp(f v(x(s))ds)] 
tro t 0 


Luc. Pe Tet 
lim i log E “[exp(f  v(x(s))ds)] 


i 


PN P t 
Tim L log(fp(T,x,y)E Ylexp(f W(X(s))ds)]m(dy)) 
t>o t 0 


l^ 


P ' ' 
Tim L log[lp(T,x, *)I (JŒ YLexp( f v(x(s) ds) ])4 m(dy)) 2/9} 
tre t L3 (m) 0 


(m 


170 


P 
< + Tin L log( fE Y Lexp(q' f V(XCs))ds) Im(dy)) 
~ tot 0 


- l Tli, "D, <A aV, 
q tt L^ (m) g 
where 1/q' = l- l/q . Thus we can take a= q' . 
We now turn to the problem of proving a lower bound. The approach which 
we are going to take works only in the case (S.C.). We begin with a simple 


version of the general Cameron-Martin transformation. 


(8.18) Lemma: In case (C) , suppose that u € uN D(A) and set 


V =- Au 
u u 


. Define 
RU = u(X(t)) x X d 
S9 u(X(0)) exec] vt Qe 


Then, for each x€E, (RO A, oP) is a martingale (recall that 

LS o(X(s) : 04s X t) ). In papaia for each x € E , there is a 
unique Q € m, C) such that YB) = E*[R'(t),B] for all t 2.0 and 
Bc M- Moreover, CN : x € E) is a Feller continuous, time homogeneous 


Markov family with associated semigroup (q? : t > 0) given by 


V 
[QUe](x) = —L.[P,"(u«6)](x) . Finally, if (P, : t > 0} satisfies (S.C.) 

E u(x) t t 2y 
with respect to m€ m (E) , then to : t > 0} satisfies (S.C.) with 
respect to the measure m, given by m (dy) = uly) ?m(dy) P 


V 
Proof: First note that ru = 0 and, therefore, that Qe el, 
t 


Next, given Bc Me 


P 
x u 
E "[R (tatt (X(t «t ,)),5] 
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P 
x u u 
E ^[R (t, (R (t,)6(X(t,)))*0 8] 


> 
E 
P 


Paie Vie IKEa 
ti tp AX), 


LI 


for all 6€ c, CE) . In particular, when $= 1 , we conclude that 
(RC) P. is a martingale. The existence of Q, now follows from 
standard extension theorems. Next, note that the preceding can be re-written 


as: 
Qu 
E "[e(x (e, *t,)) B] 


u 


Q 
=E "Lor $)1QC, 2,8] . 
2 


u 


Since x > Qe is continuous, this proves that Qi : x € E} is a Feller 


continuous, time homogeneous Markov family with associated semigroup 


u . 
{Q. :t>o} . 


Finally, suppose that iP. : t > 0) satisfies (S.C) with respect to 


m € M(E) . Then, 
Y d Ve 
Jo P, Odam = Jo, «P. "6, dm 
for all t » 0 and $),6, € c, Œ) (cf. Lemma (7.29) ). Hence 


V 
u - wp U 
Jo, QP ¢,am, = Jug, *P, (u$, dam 


V 
= ep U = Probe 
= fut; P. (u$, dm fo, Q, $ din 


(8.19) Lemma: In case (S.C.) with m € M CE) , suppose that the only 


2 
$€ L (m) satisfying ¢€(6,6) = 0 are m-almost surely constant. Given 
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u € uN D(A) with fadi = ] , define (Q7 : x€ E} and ma as in Lemma 


(8.18) and set Q"- faim (dx) . Then Q’=Q" a for all t » 0 and 


u 1 


Q is @ -ergodic (i.e. for any B EM satisfying B = & (B) (a.s., Q7) 
for all t >0, Q'(B) €(0,1) ). In particular, for any open G2 mao 


NUN €G) +1 as tro 


=] 


Proof: Clearly o" = Q" ° 9c $ 


; ; u 
t>0 , since m is UN :t»0) 


stationary (fQfédn. = SOTD epdm = Joam, ). We next show that if 


$€ 12m ) and Qre 76 (a.s., LM ) for t >0, then 6 foam (a.s., 


LM ). Indeed, $ € 1? (m) and (cf. Lemma (7.38) ): 


LPD, - — 1 [füGxéG)7s (x x dy) 
L (m) 


where m, (dx x dy) = P(t,x,dy)m(dx) . Also, if Q'(t,x,*) is the transition 


function for CN : x € E) and m, (dx x dy) = Q"(t,x, dy)m, (dx) , then 


s 1 Su 1 2 2 u 
ow 30 a9 s = [(OG)- G0) me (dx x dy) 


Note that 


mir, xT)) = Ay ee) 


V 
Í u(x) [P, "Cu exp. )] G0n(dx) 
n 2 


lv 


e'exp(-tiv to), P Ct x, T )m(dx) 
1 


c?exp(-t IV 1 Jm, (T, xT 


u'c, Œ 2 
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where 0 <e<u . Thus: 
1 “u 
lim d = (6,9-P t2 <c— xp(tiv, JCh, oto) =0, 
reo È L? (m) - a C (E) t L? m) 
and so (cf. Lemma (7.38) ), e(6,6) = 0 . By hypothesis, this means that 
6 = const. (a.s., m) and so $= foam, (a.s., LM Jo 


To prove that Q" is O.-ergodic, we must show that if 9 : Q^ R isa 


bounded, M -measurable function satisfying P = & 9. (a.s., Q" ) for all 
u 


u 
t >0, then = ga [9] (a.s., Qo). NC this end, E o(x) = "[8] 3 
á Q qi eco oe 
x€ E. Then Qo(x) = E “[o(x(t))] = E *[E [9]] = " * [de 0, ]-r*[g] = 


o(x) for LM -almost all x EE . Thus, 6 = foam, (a.s., LM ); and so, 
u 
for each t 50, $(X(t)) = Joam, = g [2] (a.s., Q" ). Hence, if t>0 
o g q Qt 
and BEM , then E" [%,B] = E? [9*0,,8] = E" [6(X(t)),8] = E [$]Q"(B) . 


u 
Since this is true for all t » 0 and B EM, , this proves that § = El [9] 
(a.s., Që). 


Finally, we now know, by the individual ergodic theorem, that 


t 
L f ex (s)ds > foam (a.s., Q? ) for each bounded measurable 6: E > jl è 


Clearly, this implies that ra, €G) > 1 whenever G is an open set 


containing m (cf. our introduction discussion in section 5) .  (] 


(8.20) Lemma: In case (S.C.) with m € TC) , let f EL! (m)* with 


1/2, 


ffdm = 1 and elf p ) <% be given. Then there exists a sequence (u 1 = 


u N D(A) such that fu2dm = es a? 1/2 


1/2¢ 1/2) 


in E (m) , and &(u ,u ) > 
n’ n 


elf 


Proof: Clearly it is enough to prove the result without requiring that 


2 ; : 
ful dm 71, since we can always replace Un by ul lu, l 2 if necessary. 


L' (M) 
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Thus we will ignore the normalization. 


First, note that p, £7? € p(A)* for all t > 0 and that 


Bell? » gl? in L?(n) and «(p e? p el, > (ell? £12) as t+0. 


Thus we need only prove the result when ge /? 
eo "t pes e e — 
For à > O0 , define R = Ie Mp dt and R, = Ie Mg dt , 


respectively. Clearly R is the unique continuous extension of R, to 


L2 (n) . Given gi/2 € D(A)* , there isa We L? (n) such that gi/2 = Re s 
Now choose {oy c c (G) so that A > in 1? (m) , and set 
$, ^ 2%, + Then EDA), 6 > £g in 12m) , and Ab > At? in 


L? (m) . In particular, Elb ta > e( el /2, ¢1/2) 


1/2 


Moreover, since 


€ Lê) t ; on = UN VO + 1l/n * gi/2 in i^ and therefore 
1/2 gi/2 
3 


e(f ) < lim Elta n . At the same time, from Lemma (7.38) , it is 
and 


n 
clear that e(o 4) & el T for all n> 1 . Hence 


n 

ecrl/2, gU2y 7 lim (9,6) . We therefore see that it suffices to handle 
n»o 

the case in which pi/2 €u and e(et/? V2) < o But in this case, we 

take u = on, f? . Clearly u EUN D(A) ; and, from the spectral 


1/2 1/2 ¢1/2) 


im] 
(8.21) Theorem: In case (S.C.) with m € mE) > Suppose that the only 


theorem, we see that u? f in L° (n) while eluta) > elf 


$€ 12 (m) with ¢(6,6) = 0 are m-almost surely constant. Define 


Q = fo, m(dx) . Then, for all open G in T. UD $ 


t,m t,x 


(8.22) lim H log Q, (6) > -inf J (v) 


vec 


Moreover, if, in addition, I & E is a set such that for some T > O and all 
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€ > 0 there exists a ô> 0 for which m(A) < € whenever 


inf P(T,x,A) < 6 , then 
xe. 


(8.23) lim L log(inf Q 


(G)) > -inf J4(v) 
t>o t xe °°% 


vee 


Proof: By Lemma (8.20) , (8.22) and (8.23) will follow, 


t, 


respectively, once we show that for each u cu (D(A) satisfying m EG: 


(8.24) lim L log Q. mn > -£(u,u) 
t>o : 
and 
(8.25) lim L log (inf Q, ((6)) > -e(u,u) . 
t>o t xer “* 


Let € > 0 be chosen so that e<u<l/e . For any open B , we have: 


2 
Q, mB) 2.6 fq, B)m, (dx) 
P 
2, ™u t 
> “E [exp CJ, v,,(X(s))ds) 1, € B] 


X inf exp(-t fv dv) 
væ b 


2 e^o", € B)exp(-sup t fV dv) 
= t u 
us 


Thus, if m, € B, then, since NN € B) >1, 


ix li - 
lim T log Qe mP? > -sup fv àv . 


t veB 


Choosing GT so that GAB + LN , we conclude that 
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im 1 Au = E =- 
lim = log Qc m6 > f a dm, [u *Audm e(u,u) 


t 
Thus, (8.24) has been proved. 
The proof of (8.25) is similar. Namely, for any open B € G which is 
a positive distance from E, % CO) 2 PG. ° 8, € B) for all x €E 


and all sufficiently large t's . Moreover, 


POL, * ©, € B) [PG € B)P(T,x,dy) 


lv 


elf qj. € B)P(T,x,dy) 


X exp(-sup t/V dv) 
vB 


: u = fou : 
Note that since Q (L, € B) = Joa, € B)m, (dy) >1 if mes, 
Q1, € B) *1 in m-measure for such B's . Thus, our hypothesis implies 


that there is a 6 > 0 such that inf P(T,x,(y : Qj. € B) > 1/2}) > ô for 
x 
all sufficiently large t's . Combining these remarks, we see that if BCG 


is open, dist(B,G°) > 0 , and mes, then 


lim L log(inf Q 


(G)) > -sup [vV. dv. . 
t>o t xe. 3 


t,x veB 


From here, the argument is exactly the same as for (8.24) . 
o 
(8.26) Corollary: In case (S.C.) with m € ME) » assume that J, is 
a rate function and that the only $€ L^ (m) with £(6,0) = 0 are m-almost 
surely constant. Then, (0, mit > 0) satisfies the large deviation 
> 
principle with rate function Jo . Next, add the assumption that, for all 


t»0 and x€ E, P(t,x,*) << m and that, for each x € E and some 


T>0O,m << P(T,x,*) . Then, J=J_ and, for each x€E, Qe y $ t> 0} 
, 
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satisfies the large deviation principle with rate J . In particular, 

~ * Š 

Az ^o =J and A is tight. Finally, let T C E and add the assumptions 
that (8.8) holds for some ©: E > jd which is bounded below and satisfies 


(6 < L)ccE for all L>O and that for some T > O and all £> 0 there 


is a 650 such that m(A) < € whenever inf P(T,x,A) < 8 . Then 
xcr 
{Q txt > 0) satisfies the large deviation principle with rate J uni- 
3 


formly for x €T (i.e. (8.14) holds for each closed F and (8.23) holds 


for each open G ). 


Proof: Since all these assertions are simply re-statements of results 


already derived, there is nothing to prove here. 


ao 


(8.27) Exercise: Let ir. : x € E) with associated transition 
probability function P(t,x,*) satisfy (S.C.) with respect to m € M(E) 
Assume that P(t,x,dy) = p(t,x,y)m(dy) , t >0O and x EE , where 
p(t,*,*) € C(E x E) . Show that p(t,x,y) = p(t,y,x) and therefore that 
pQt,x,x) = [|px y) | may) . Next, show that J= J, is a rate function 
if [p(t,x,x)m(dx) <œ for all t >0 . (Hint: check that 


EA : i s) > L2 (m) is compact for each t > 0 and show that 


Lr. 
lim sup IP ool 2 7-0 for all L»50.) Next, let Tc E be given. 
t+0 DEL? (m) L” (m) 

£(6,0) «L 


Show that for all €> 0 there exists a ô> 0 such that m(A) < € whenever 
inf P(T,x,A) < ô if p(T,x,)»5 0 (a.s., m ) for each xc l and either 


xcT 
one of the following conditions holds: 


i) there is an a@ > 0 such that 
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sup f |p(t,x,y)|““m(ay) <e , 


xe. 
ii) as a map from IT into E^) » X > p(T,x,*) is uniformly 
continuous. 
(8.28) Exercise: Let E - R' . For each x € g! , denote by X(*) 


the solution to the linear equation: 
t 
X(t,x) = x + B(t) - 1/2 f x(ssx)ds $E DU 
where B(*) is a l-dimensional Brownian motion starting at 0 . Show that: 


X(t,x) = xe 


-t/2, fa C79 aps) 


and thereby conclude that X(*,x) is a Gaussian process. Next, let LM on 

l 1 

C(([0,2);R ) denote the distribution of X(*,x) . Show that (P : xE R} 
x 


is a Feller continuous, time-homogeneous Markov family with transition 


function P(t,x,*) given by: 


-t/2,2 


P(t,x,dy) = 1 exp(-(y-xe /2(1-e™") )dy : 


(1-e ^5) 1/2 
1 Ld 
Also, show that (P. : x €R} satisfies (S.C.) with respect to 


2 
Y(dy) = (21) 1/2, y Day 
Now show that if A is the weak generator of the associated semigroup 


P. : t > 0) on a, QU) , then qae D(A) and A6 - Lọ for 6c cà) 


2 2 
where L = 1/2(2 -x =) . Moreover, if u(x) = e* /4 , check that 


òx a 


- lu = 1(1/2 x? - 1) 
u 4 
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We conclude, using (8.15) , that 


Py t 2 x* J4 1 

(8.29) sup E "[exp(l f (1/2xX(s)" - 1)ds)] < e > XcR 
t>0 4 “0 

Finally using (8.27) and the above, conclude that for each 


1 


KccR s ICA S ust > 0) satisfies the large deviation principle uniformly 
> 


for xe K with rate function I described as follows: I(v) = 9 unless 


1/2 has one distibutional 


1/2), 12 
L“ (y) 


v € ME) and v(dy) = f(y)y(dy) where f 


(1/2 


derivative J'e u(y) ; in which case I(v) = 1/21(£ 


9. Logarithmic Sobolev Inequalities: 


There is an interesting connection between our considerations here and 
L. Gross's theory of logarithmic Sobolev inequalities. For our purposes, it 
is best to describe a logarithmic Sobolev inequality in the following terms. 
Let (P. : x€ E) satisfy (S.C.) with respect to m € mE) . A logarithmic 


Sobolev inequality is a statement of the form: 


(9.1) Ini, 


for some a> 0 , where Ja ? M{E) > [0,°) y {=} is defined by: 


Jiog()av if ve m, GO) and v «€ m 
m 

J (v) = , 
m © otherwise. 

Obviously, (9.1) has interesting implications for the large deviation theory 


associated with {Pa :xEE} . 


To begin with, we note that (9.1) implies that the set 


O.D # -(etlQ* : wet, = 1 and e£, <a) 
L (m) 
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is a convex, weakly compact subset of L! (m) . Indeed by Lemma (7.40) , FZ 


is ċlosed and convex. Moreover, (9.1) implies that FS {fe tad” 
[fiogfdm < aL} - Since £log£ > nes » £250 , it follows that F is a 


uniformly m-integrable subset of Ll) . Since it is closed and convex, we 


now see that F, is weakly compact. We next show that (9.1) implies that 
(9.3) {v em) : Jy» <Licem (E), L>0 


Indeed, let ‘wis mE) satisfy po Jy XL. Choose iN SF, so 
that va (dx) = f GOn(dx) . Then there is a subsequence (fa) such that 
fo! ? £ weakly in L! (m) . Clearly vro Y where v(dx) = £(x)m(dx) . To 
see that Igo) XL , simply note that, since F is closed and convex 


£EE 


q «+ As a consequence of (9.3) and the first part of Lemma (8.16) , 


we now see that (9.1) implies that: 


—— 1 , T. g 
(9.4) lim log Q, (F) < -inf J (v) < - = inf J (v) 

tro t t,m - VEF o — a VEF m 
for all closed F & ™, (E) 


We next observe that (9.1) is equivalent to the statement that 
l 
(9.5) l A) a a Cov) y VE c, CE) E 
where 


Vy) 


roy) = log(fe m(dy)) . 


To see that (9.5) follows from (9.1) , note that, by Lemma (3.37) , 


* 
Ja = ^a and that ^a satisfies the hypotheses of Lemma (8.2) . Thus, 
* i * 
Aut J, c At the same time, by (7.43) , AZ = Jg + Thus, from (9.1) , we 
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deduce that: 


1 (aV) = sup(fvdv - LJ (v)) 
a m v a m 
> sup( fvdv - Igo) = AD 3 


v 
and so, (9.1) implies (9.5) . Conversely, suppose that (9.5) holds. 


Given u€ uN D(A) satisfying lul 2 =] , (9.5) implies that 
L' (m) 


(u, Ayu) 2 


< LA (av) 
Lm 2" 


for an VE c CE) . In particular, if V =4 log u^ then we get: 
-£(u,u) * ij d log udm < 0 , 
since Aal 15265) = loglul, 70. In other words, 
fu*1ogu7dm < ae(u,u) 


for all such u's . Applying Lemma (8.20) , it is now clear that 


1/2 41/2) 


[ologodm < ae(o for all 6c L! (m)* satisfying lll 1 = ] ; and 


this is precisely (9.1) . That (9.1) is equivalent to n was 
already noticed by L. Gross in a slightly different context. 

We next use the equivalence between (9.1) and (9.5) to give an 
initial link between logarithm Sobolev inequalities and hypercontraction 
results. A hypercontraction result is a statement of the form: 

(9.6) Mie ca , 9$ € c, CE) 5 
for some T^ 0, pec (1,9) , and qc (p,9) . What we are now going to do 


is show that (9.6) implies (9.5) and therefore (9.1), with «a given by: 
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(9.7) a(T,p,q) n Par 
q-P 


To see this, first note that 


A (V) = lim L 1og( fI[PY1] (x)m(dx)) ] 


tro 
Indeed, it is clear that the right side of the above is dominated by the left. 


On the other hand, if A < LUE , then we can find a 6$ € €, (E) such that 


lim L 1og(6,P 10) >. Since Mo. ELA 1] (x)m(dx) > (,P NOR , we now 
t>o t L? (n) 
have the desired equality. Next, adis that, just as in the proof of Corollary 
(0.24) : 
Mis Pa jon 
[te^ 1]GOn(ax) = E [exp(2- i V(XCs))ds)] 
1 P P n-1 
€ fe "qe fexp( J vixcien))11áe 
0 k=0 
P. n-1 
= E ™fexp( ) v(x(kT)))] 
k=0 
= JEPP Gmax) , 
where (Py = e" P. . Combining this with the preceding, we arrive at: 
A (V/T) € L lim L 1og!((P,),)"11 
~T i n TY Ll) 
In particular, 
(9.8) A (V/T) < L 1ogl(P, ), I 
S TT TN Hon(LP(n);iP(m)) . 


But, by Holder's inequality: 


183 


= (x) P 1/p 
I CP.) eel = (feP VU pp y] P (oom (ax) 
Ew LP (im) T 


oop 
(fexp(—Bav(x) )m(dx))P? IP ot : 
q-p LA (m) 


l^ 


and so (9.6) implies that 
logl(P,), I 5 3 < sop A (22 v) 
Hom(L* (m); L* (m)) Pq q-P 
Combining this with (9.8) , we now see that (9.6) implies (9.5) with a 
given by (9.7) . 
We next turn to Gross's theorem which shows that hypercontraction results 


from a logarithmic Sobolev inequality. 


(9.9) Lemma: For any p € (1,9) and u €u N D(A), 


(uP/2 yP/2) qp? (uP! Au) 3 od 
— 4(p-1) L^ (m) 


Proof: Given t» 0 and 60,90€ L? (m) , define 


e O0 = ni - P: $,0 » . Then, by Lemma (7.38) , for 60,4 € D(A) 
L 2 3) 
(-à6,9) , = l(e(os9, d+) - elpt, 6-4) 
i? (m 4 
= lim € (06,9) 
t+0 


Note that for any 6 € D(A) and (€ L2 (a) 


le, (6, 9 = [2 L(o-P 0,0) 5 
L? (m) 


& ln-p, oll [TOT] < WA toll 
me Lim) Lem) GO d b 
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Thus, for any 6$ € D(A) and Ge L^) 


(-Ad, 9). = lim E (6,0) 
^ t«0 


l lim Ll fo $G20)(9()-9G0)m (dx x dy) , 
2 t40 


where m, (dx x dy) = P(t,x,dy)m(dx) and we have used the results of Lemma 


(7.38) (note that c, 81 since m € m(E) ). At the same time: 


(6,6) = L lim L f(6(u)-0G0)?n, (dx. x dy) 
2 t40 t E 


for all 6€ L? (n) . Thus, we need only show that 
SP? (yy 9/2 (x) yn, (ax x dy) 


Tm [(uG)-uG)) GP! Gy)-uP | Gm, (dx dy) 


for all u€ UN D(A) and t > 0; and certainly this will follow if we show 


2 eas Mae 
that (nP/2eP/2)? < p^ (nE) (l-el) forall OX ES: or 


7 4(p-1) 
equivalently that &/p^ (1-99/252 € Aca-m ad for all O<n<l 


= 
loss = 
But 4/p? (1-nP/?)? = “(fe P/2laey? € Gem tP Fae = Leama) 
= 
D 


We can now prove the following slight variation on one of Gross's basic 


results. 


(9.10) Theorem: Assume that J e aJ ,. Then for all p€ (1,9) and 


ug u n D(A) 
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(9.11) fuPlog udm < —2P_ (uP™! cuo 2 
— 4(p-1) L^ (m) 
+ lulP — loglul 
LP(m) LP(n) 
; " 4t/a 
Moreover, if t >0 , p €(l,9) , and dolt P) = ] + (p-1)e then 
(9.12) IP, oll € loll > 9€C,(E) and 1<q<q_(t,p) 
t Lm 7 — LP(m) p a 
Conversely, if, for some x > 0 and p€(1,°) , IP ol qu£) < dr 5 
" (m) 
t ^0 and $ € c, CE) ,then J < —9P.. J  . In particular, if p=2, 


m= A4(p-1) © 
then J .< aJ 
m -— oO 


Proof: Suppose Ja Wy . Then, for all f€ LG* with 
Wel, = 1, [flogfdm < ae(el/?, £2) Thus, for any f€ L! (m) 4 
L (m) 
[flogfdm < ae (£12, 1/2) + ugn logl£i 


i) nl) | 


In particular, if u € Uu D(A) and f=uP , then 


p/2 P/2) 4 paul? 1oglul 


pfuPlogudm & a£(u 
LP (m) LP(n) 


2 - 
Since euP? uP?) < LRL (uP l clit) 2 , this proves (9.11) 
— 4(p-1) L^ (m) 
To prove (9.12) , it suffices to show that 


IP. oll € Il ; © €C,(E) . Indeed, for any pc [1,29 , 
$ R ~ P) á 

IP. oll < loll < lon 3 and so 
E part Rh S. P 

6 1-0 ; 

IP. ol < IP, ol IP. ol PITT if l/q = O0 + (1-0)/q (typ) , 
E mT E onde E Qe tt LP 

and IP on a (t,p) & ton . Now, let u € UN D(A) be given and set 


P 
c L* (m) 
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u, = Bu . Then, with q(t) = q, (t; P) , we have 
d [ 
ae loglu, q(t) 


= - a(t) 1ogllu, I 
q(t) tq 


(t) 
PE) o ee Tit: pao ied 
TCPNEELON E iud e 
q(t) 
+ LO fe as 3; 
fu ptt) E 
t q(t) 


and so, (9.11) implies that: 


q(t)-1 q 
luel ated Sete late) 


-— q(t) att) 
- ee) logu, dm fu, (c) 108, Macey) 


= (ut OT Au ) 


tm) 
< [qe 19030971 2,3 =o. 
= A4(q(t)-1) t t 12m) 
In other words, t > lul at is non-increasing. Since Tug! (0) = mr a 
this proves that IP cul atime eG) for all t »^ 0 and u € uN D(A) 


+ , 
and therefore for all u€ c, (E) . Since [Po < |o] » $€ e, (2) 


> 
this completes the proof of (9.12) from Ja E 


The converse assertion follows easily from the fact that (9.6) implies 


(9.1) with a= a(T,p,q) . Indeed, use this with q= qq CI. P) and pass to 


the limit as T4O . 
o 
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We now use Theorem (9.10) to give a proof of Nelson's hypercontraction 


result. Our proof follows the idea of L. Gross. 


(9.13) Lemma: Let (Pt 2X, EE} ; 4= 1,2 , satisfy (S.C.) with 
A 
ms € m (Ey) . Denote by Pt, xs) the transition function, by 


(t : t > 0) the semigroup on C, CE) , and by €, the Dirichlet form (c£. 


(7.36) ) associated with (o? >: x, EE F . Set P - pl xp? for 
Xa 2 A x x Xo 
x= (x, 5x4) Ej XE, =E . Then (P. : x € E) satisfies (S.C.) with 


m^m,*m, . Moreover, if P(t,x,*) , Pi :t>0} and & are, 
respectively the transition function, the semigroup on c CO and the 
Dirichlet form associated with P : x€ E) , then 


P(t,x,*) = P(t,x,, 9) x P(t,x,,*) , P = ep , and 


2 t 
(9.14) ECD > 24 (4,6) *,,90 , oci , 


where € (6,0) z P M ea and 


s z : ; ; TEM - 

(6,0) = 5 eC, ),0G,, Jm, (dx, ) . Finally, if J, is associated 
A l x 

with 0x ix € E. and ES XJ. for 2= 1,2 , then J, i Ug where 

Jj is associated with Pa :xcEE} . 


Proof: The facts that 1E. : x € E) satisfies (S.C.) with m and that 


P(t,x,*) = P (tux, S?) x Pi (t,x,,°) are extremely elementary and their 


verification is left as an exercise. Clearly the equation Pe = pl e p? 


follows from the one for the transition functions. 


To prove (9.14) , first note that 2. = Fle z follows immediately 
o l d 
from Pe = Pc e LA . Next, set 


F = span{d, e $5 : $ € D(A, ) and 4, € D(A, )} . Then %CD(A ) and 
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graph(A| ) is dense in graph (A) . Indeed, if $ € DCA) and $, € D(A), 
F 


then 
l(p = = 1! Po, - 
A CA B 6) - 6 9 4 = 40,6, 8 PL6, - & 0) 
> Bio) 9 6 + 6, 9 A56, 


Thus 6, ® 6, € D(A) and 


(9.15) ACO, @ $9) - Ayo) 3) $5 + $i 9 Ay, è 

In particular, S € D(A) . Also, given 6 € D(A) and e> 0 , choose 

Oct K l so that 1ġ-P ol 2 + VAG-AP ol 2 <€ . Next, choose 
L” (M) L (m) 


pE span{}, @b 2% € 12 (n) and Q, € 1) so that 


là-9l , < te. Since WAP, 2 £t, 
L^(m) Hom(L" (m);L^(m)) 
IP, o-P ol 2 +IAP Ø - AP, ol 2 < 2e . Since Pid € $ , this completes the 
L^ (m) L^ (m) 


proof that graph Cal is dense in graph (A) . 


From (9.15) , it is clear that 


Elh) = €06,09) + €(6, 9) 


for ¢€%  . But, since graph(A ) is dense in graph (A) , if 
LÀ 
$€ L^ (n) satisfies t($,0) <% , then there exists oy € F such that 
1/2 : 1 

16-6 ! + elb- ,0-0 ) >0 as n>% , Since, by Fatou's lemma, 

n ,2 n n 

L^ (m) 
VQ(,0 € Tim Elh A) , 2= 1,2 , (9.14) now follows. 
n>% 
Finally, assume that Ja < ag? > 4=1,2 . Then, for all 
A 


bg € LI (my) : 
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2 
2 logie, I 2 


2 
$,1ogb,dm,€ € £,(0,,0,) + lo l 
J tuom mung ty * ia) 1? (m9) 


In particular, if u €u f1D(A) , then, for each x, € E, 
fu(x, yx Y^1og u(x, ,x, )m, (dx,) 
1232 ee 1 


LF e (Cox) u Crux) 


2 
+ uÇ.) ; 


L (mj) L (mj) 


loglluC *,x,) I 


and so: 
fu logudm < Qe (u u) 
g 2 1 5 


ae e, Cut, s 7m, (dx, ))1/?, (fuse, sm (dx, 1/2) 


* full, log lull 


12 (m) 12 (m) 
We must next show that 
(9.16) ey CuG, 7 x 217, (flac, e) m (x 01/72) 
< Elu, u) 


To this end, define (e), and (m), for t? 0 as in Lema (7.38) 


Then 
e, (Cut, 22m, (ax, 227, (fut, , 7m, (ax, 91/7) 


e id 1/2 42 1/2, , 
= Pinte, ) ctus ) m, (dx, )) GG, ) m, (dx, )) ou 


€ E and t» 0 


while, for each x 1 


1 


190 


(e), Cu , 9), ux, ,*)) í e, (ux, °), u(x] ,9) 
Hence, (9.16) will be proved once we check that 
Ce), Cu, Pm Cx)", (fue, , 7m, (ax, 1/7) 
er D se ag ey) 
for each t >O . But: 


tlez), fux, , 7n, Cax, 07 , futs, , 7n, (x 017) 


" 


J f Ost, - duxi, Y? (m,) , (x, x dy,) 


E)XE, L^(nj) L (mj) 


l^ 


S Í luC*,y,) - u(*,x, yi? 2( 2p x dy,) 


EXE, L m 


E LE u(x) x, » ^n, ) cx x dy ,))m, (dx, ) 


= d (ey), uGr t) aay, *) my (ax, ) 
1 


Thus, (9.16) has been proved. Using (9.16) and (9.14) in the equation 


which precedes it, we now see that: 


fu?1oguám < € e(u,u) + ul, loglul , 
2 L' (m) L” (m) 
for all uge uN D(A). Finally, given f€ CUM satisfying Ifl i =] 
12 Q2 PM 
and elf 2. ) , we can use Lemma (8.20) to find {u, Dx cu NDA) such 
that tut, =1, u o £2 in 1 , and eu ou ) > e(l, 6172), 


L” (m) 
Since E logg = 1/2 E loge? > e™!/2 for č > 0 , Fatou's lemma allows us to 
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conclude that: 


> 2 ; 
1/2]flogfdm < lim Ju^lo € € lim e(u_,u_) 
[flog gii fuylogu, <4 lim eut, 
" ä e(el/2, 1/2) 


Clearly, Ja eJ. follows immediately from this. 


g 
-t zt 
(9.17) Exercise: Let p(dt) =e dt on (0,9) and set Q= p on 
+ 
R . Define N(t) » for t>0, by N(t) = max{n > 0: Ys & t) 


i70 
z* th 
c) T; =0) , where T; : R^ > (0,9) is the i= coordinate map. Note that 


t > N(t)' is a non-decreasing, right continuous map and show that 
QCNCE)-N(s) = n|o(N(u) : 0 < u< s)) = (zs)? (t9 


for all O<s<t and n>O . Next, define Y(t,x), t>0 and 


x€ {-1,1} , by Y(t,x) = x(-1) (6/2 and denote by Q, the measure 


Q e ¥(+,x) I 


on D([0,2);(-1,1)) . Show that {Q, : x € (-1,1)) is a 
Feller continuous, time homogeneous Markov family with transition function 


Q(t,x,*) given by: 
-t 
1 - Q(t,x,{-x}) = Q(t,x,{x}) = lte. ; 


In particular, if (x) = a+bx , x€ {-1,1} , check that the associated 
semigroup {Q, : t > 0} acts on $ by [0,6] (x) =a+e bx . Next, let 
m € m({-1,1}) be given by m({1}) = m({-1}) = 1/2 , check that 

Q : x€ {-1,1}} satisfies (S.C.) with respect to m . Finally, show 
that if 6 is given as above, then the associated Dirichlet form € acts on 


b by 4(6,6) =b. 
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(9.18) Lemma: Let (0. : x € {-1,1}} , {Q, : t > 0} and m be as in 
n 
(9.17) . For each n> 1l , let Qr = (Q,)” on C(((-1,1)?) and ma (n)? 
on ({-1,1})" . Then, for each p € (1,9) , all t 5» O0 , and 
D«q&1* (pe , igrl IT » $ €c( CL?) 
L(m ) LP(m ) ) 
n n 

Proof: In view of Lemma (9.13) and Theorem (9.10) , all that we have 
to show is that J, X 23, , where J, is associated with Q : x EE}. 
Clearly, this is equivalent to showing that if 6 € iGo” , then 
fé? 1ogédm < £(6,0) + TA logigll 2 . Note that the most general 

L' (m) L'(m) 

6 : {-1,1} > [0,9) has the form 6(x) = a + bx , where || Sa. Since 


€(6,6) = s? , there is nothing to prove when a 7 0 . Thus, by homogeneity, 


we need only look at 6, G0 = 1+ bx , where [>| X1. In fact, by symmetry, 


we can and will restrict ourselves to 0 C b «1 . That is, we need only show 
that: 
is 2 2 2 2 
h(b) = (1+b)“log(l+b) + (1-b)^log(1-b) - (1«b^)log(1*b^) 
2 2 
= 2[f6z10g6, dm - jig, I loglé, I ] 
B b P 12m) 5 i^a) 
< 2 €(8,06) = 2b" 
_ b''b 
for O<b<1 . Note that h(0) - 0 . Also, 


h'(b) = 2[(1+b)log(1+b) + 1/2(1+b) - (1-b)log(1-b) - 1/2(1-b) 
2 
- blog(l*b') - b] 


= 2[(14b)log(14b) - (1-b)log(I-b) = blog(14b2)] . 


In particular, h'(0) 70 . Finally, 
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ARR 2) be 
h"(b) = 2[log(1+b) + 1 + log(1-b) + 1 - log(l«b^) - 42] 
l*b 
2 
= 4 *21og((1-52)/(182)) - bS <4 . 
oo 
l+b 
Thus: 
b T 2 
h(b) = f dtf h"(a)do < 4 BL = 2b? 
0 '0 = 2 o 


(9.19) Theorem (L. Gross and E. Nelson): Let (P. :x€ al be the 
Ornstein-Uhlenbeck family described in (8.28) , and denote by ie. : t» 0) 


2 
the associated semigroup. Let y(dy) = —L e? Pa 
Q2 


and, for p €(1,9) , t>0, and 1XqX1«* (p-L)e* ; 


y . Then P ; 


IP, oll € toll » ?cc0) . 
E LT Po) b 
Proof: Define {Q,, : x €{-1,1}} and m as in (9.17) and let won 
(e) under Qi” Ja,m(ax) . Then, for 


bo € RD : ff EDU Gm) = f. AEAEE o In 


R? denote the distribution of 


-t 


: 0 : l eœ 
particular, He has mean es and covariance A(t) = ( E ) . Thus, by 
1 
the central limit theorem, if E RÊ)? > R2 is defined by 
E n E. 
1 nii. 1 i n, gl s 
S sees ) Td j EM » then ue 2 - TA(t) , where TA) is 
n n 1 i 
the Gaussian measure on R2 with mean (3) and covariance A(t) . In 


particular, if 0,0 € c, (RÈ) , then 
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J af ater gy (a x dy) 


E TetoeE 49994 
(2) 


= lim Í aJ n? n)a (dE x dn) 


noo R™ R° 417? 4/2 
Next, note that for 6,¥ c e, Q7) 
P al EECH (E x dn) = £ EENEN (4E x dn) 


Thus, by Lemma (9.18) : 


& Tet E T,t***-m7 
(21 n 1 n)uP(a d 
nd a172 dal a172 Melisa] 


JM 


< (fl CE n, 0) /8 (f. | DE 778) Pa, am)? 


when = =1-1 and l<q<l+t (p-1)e?t . Applying the central limit 
q q Pt 
theorem once again, we now see that: 


f |f 6G09GOT, (dx x dy)] < ol tol 
| ri al ACC E LS LP) 
Finally, 
2-2 -t 2-2 
TAG) X x dy) = Ll. .exp(- (ce -2xve "x e ^) t-2xye ex^ e ^t Jdxdy 
2x(1-e 2512 2(1-e 2") 
= P(2t,x,dy) y(dx) 


where P(t,x,*) is the transition function for the Ornstein-Uhlenbeck family. 


Thus the preceding becomes 


f ,o°P, ddy| < Hon, nol 
Vs SLS I Eta. aPC) 
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for all 6,4 € c, CE) . Clearly this implies that IP, 07 < nel ; 
EX EP 
9c c, CE) ; t>0, pec(1,2) , and q€X1 * (p-Le t^. The relation 


Ja Jg now follows from the last part of Theorem (9.10) with p=2. z 


(9.20) Exercise: Referring to the situation in Theorem (9.19) , show 


that for each p € (1,9) , t» 0 , and q> 1 * (p-De* : sup(IP, ol d : 
L'Q) 
ġe c, CE) and ei =1} = , In other words, Theorem (9.19) is 
L(y) 
sharp. 
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